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We consider representing two classes of 1D quantum wave functions of spin systems, including the
AKLT and CFT correlator wave functions, in terms of multi-layer restricted Boltzmann machines.
In our prescription, the AKLT wave function can be exactly represented by a 2-layer restricted
Boltzmann machine with five hidden spins per visible spin. The construction can be generalized to
prove that any MPS wave function on N unit cells with finite bond dimension can be approximated
by a 2-layer restricted Boltzmann machine with O(N) hidden spins within an error which scales
linearly with N . The Haldane-Shastry wave function or a chiral boson CFT correlator wave function,
as any Jastrow type of wave functions, can be exactly written as a 1-layer Boltzmann machine with
O(N2) hidden spins and N visible spins. Applying the cumulant expansion, we further find that the
chiral boson CFT correlator wave function (with small vertex operator conformal dimension α, i.e.,
α < 0.1) can be approximated, within 99.9% accuracy up to 22 visible spins, by a 1-layer RBM with
O(N) hidden spins. The cumulant expansion also leads us to a physically inspiring result in which
the hidden spins of the restricted Boltzmann machine can be interpreted as the conformal tower of
the chiral boson CFT on the cylinder.
Introduction Restricted Boltzmann machine (RBM)
states have been recently attracting the attention of the
condensed matter community as a new numerical tool for
quantum systems[1–21]. The inspiration of RBM states
comes from the fields of deep learning and artificial in-
telligence: neural networks. One of the earliest neural
networks is the RBM. In this paper, we focus on a simple
generalization of the RBM, the k-layer RBM. A k-layer
RBM refers to the following type of functions:
fk−RBM(s1, s2, . . . , sN ) =
∑
h11,...,h
1
m1
∑
h21,...,h
2
m2
. . .
∑
hk1 ,...,h
k
mk
exp
(∑
p0,p1
W 1p0p1sp0h
1
p1 +
∑
p0
sp0ap0
+
k∑
i=2
∑
pi−1,pi
W ipi−1pih
i−1
pi−1h
i
pi +
k∑
i=1
∑
pi
hipib
i
pi

(1)
where (i) i ∈ {1, ..., k} labels the hidden layer; (ii) sp0
(1 ≤ p0 ≤ n) are the visible spins; (iii) hipi (1 ≤ pi ≤
mi) are the hidden spins in the i-th layer; (iv) W
i
pipi−1
are complex valued weights; (v) ap0 and b
i
pi are complex
valued biases for the visible and i-th layer hidden spins
respectively. An important feature of the k-layer RBM
is that the hidden spins in the i-th layer only couple to
the hidden spins in the (i+ 1)-th or (i−1)-th layers, and
they do not couple to the hidden spins within the same
layer, although integrating out the i-th layer will give
spin-spin coupling in the (i − 1)-th and (i + 1)-th layer.
See Fig. 1 for an graphical representation of a 3-layer
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Figure 1: A neural network diagram representation of a 3-
layer fully connected RBM. The black dots are the visible
spins while the blue ones are hidden. Each of the black lines
connecting two dots represents the W weight in Eq. (1). The
biases are not explicit in this diagram. The first hidden layer
is connected to the visible layer and the second hidden layer,
and the second hidden layer is connected to the first and the
third one. The last hidden layer only connect with the second
hidden layer. The fully connected RBM refers to an RBM
where each of the spins in a layer is connected to all the spin
in the nearest neighbor layers.
RBM. In particular, the 1-layer RBM is:
f1−RBM(s1, s2, . . . , sN ) =∑
h1,...,hM
exp
∑
i,j
Wijsihj +
∑
i
siai +
∑
j
hjbj
 (2)
The values of the visible and hidden spins can vary de-
pending on the systems.
Previous studies [13, 22, 23] mostly focus on the nu-
merical applications of 1-layer RBM to quantum many-
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2body systems. Only few analytical studies demonstrate
the power of k-layer RBM’s. In Ref. [13, 22], efficient
numerical algorithms were proposed to construct 1-layer
RBM states from tensor network states or from stabi-
lizer codes. In Ref. [23], finitely connected[38] 1-layer
RBM states with minimal number of hidden spins have
been analytically constructed for a family of 1D stabi-
lizer codes. The purpose of this paper is to represent
more generic wave functions beyond stabilizer codes in
terms of k-layer RBM’s. In particular, we focus on two
examples: the AKLT model and the free-boson CFT cor-
relator states. As proved in Ref. [23], a necessary condi-
tion of the existence of a finitely connected 1-layer RBM
to exactly represent a 1D wave function is that the ma-
trices of its matrix product state (MPS)[24–32], which
can be immediately obtained from the RBM, are of rank
1. However, this condition does not hold true for AKLT
model, since one of its MPS matrix is of rank 2.[25] We
will show in this paper that the spin-1 AKLT model can
be exactly represented by a 2-layer RBM. Furthermore,
we prove in section D of the supplementary material that
any MPS can be approximated, up to an arbitrary small
error that scales linearly with the system size N , by a
2-layer RBM.
2-Layer RBM for the AKLT State For clarity, we de-
note {| 12 〉, | − 12 〉} as the basis of a spin- 12 state, and{|1〉, |0〉, | − 1〉} as the basis of a spin-1 state. Consider a
spin-1 chain with periodic boundary condition contain-
ing N unit cells. The parent Hamiltonian of the AKLT
model is H =
∑N
i=1
[
Si · Si+1 + 13 (Si · Si+1)2
]
where Sai
(a = 1, 2, 3) are three spin-1 operators for the i-th spin.
The AKLT ground state can be represented as an MPS
|AKLT〉 =
∑
{si}={−1,0,1}N
Tr
( N∏
i=1
T si
)
|{si}〉 (3)
where
T−1 =
√
2
3
σ+, T 0 = −
√
1
3
σ3, T 1 = −
√
2
3
σ− (4)
σ± = (σ1 ± iσ2)/2, and σ1,2,3 are the 2-by-2 Pauli ma-
trices. The basis |si〉 is a direct product state |si〉 =
⊗Ni=1|si〉. The AKLT ground state and its MPS repre-
sentation can be constructed by starting with a singlet
chain of spin- 12 ’s (to be specified below) and project the
spin- 12 ’s into spin-1’s [25, 32]. As we will find, a 2-layer
RBM representation of the ground state can be obtained
using the same construction.
1. A Singlet Chain as an RBM: Consider a trans-
lational invariant chain with N unit cells where each
unit cell contains two spin- 12 ’s, labeled by ai, bi = ± 12 ,
i = 1, ..., N . A singlet chain state is a tensor product of
pairs of singlets |ψ〉i,i+1 across adjacent unit cells, i.e.,
|ψ〉 = ⊗Ni=1 |ψ〉i,i+1 with
|ψ〉i,i+1
=
i√
2
(
|bi = 1
2
, ai+1 = −1
2
〉 − |bi = −1
2
, ai+1 =
1
2
〉
)
=
1
2
√
2
∑
bi,ai+1=± 12
1∑
hi,i+1=0
eipihi,i+1(bi+ai+1)+ipibi |bi, ai+1〉
(5)
where we introduce a hidden spin hi,i+1 = 0, 1 for each
pair of adjacent unit cells to fit the coefficient in the form
of an RBM. Suppressing the overall normalization factor,
the singlet chain |ψ〉 can be compactly written by taking
the product of Eq. (5) as:
|ψ〉 =
∑
{ai,bi,hi,i+1}
ei
∑
i(pihi,i+1(bi+ai+1)+pibi)|{ai, bi}〉 (6)
The summation is taken over all possible configurations
of ai, bi and hi,i+1.
2. Projection as a 1-layer RBM: The second step is
to project the two spin- 12 ’s on each site to a spin-1 via
the projector P
P =
N⊗
i=1
Pi =
N⊗
i=1
( ∑
si=−1,0,1
∑
ai,bi=± 12
P siai,bi |si〉〈ai, bi|
)
(7)
where the Clebsch-Gordan (CG) coefficients P sa,b are
P 11
2 ,
1
2
= P−1− 12 ,− 12
= 1, P 01
2 ,− 12 = P
0
− 12 , 12 =
1√
2
,
P sa,b = 0, otherwise.
(8)
Relegating the details to section A of the supplemen-
tary material, we find that the CG coefficients can be
expressed as a 1-layer RBM,
P sa,b =
1
6
1∑
h=−1
∑
h′=± 12
ei(
2pi
3 h(a+b−s)+pi2 h′(a−b)) (9)
Substituting Eq. (9) into Eq. (7), expanding the direct
product and suppressing the overall normalization factor,
we find the projector P as
P ∝
∑
{si,ai,bi,hi,h′i}
epii
∑
i( 23hi(ai+bi−si)+ 12h′i(ai−bi))
|{si}〉〈{ai, bi}|
(10)
where |{si}〉 is defined below Eq. (4) and |{ai, bi}〉 =
⊗Ni=1|ai, bi〉. We refer to the projector Eq. (10) as the
RBM projector.
3. AKLT State: We finally combine the results in
Eqs. (6) and (10) to express the spin-1 AKLT state in
terms of a 2-layer RBM state:
P|ψ〉 ∝
∑
{si,ai,bi,hi,i+1,hi,h′i}
epii
∑
i(hi,i+1(bi+ai+1)+bi+ 23hi(ai+bi−si)+ 12h′i(ai−bi))|{si}〉
(11)
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Figure 2: The illustration for the 2-layer RBM state of the
spin-1 AKLT wave function. The black dots are the visible
spin-1’s. The colored dots are the hidden spins. The weights
are the solid black lines. The dashed black line is the 1D
lattice.
where the last expression is a 2-layer RBM state. hi, h
′
i
and hi,i+1 are the hidden spins in the first layer, while
ai, bi are the hidden spins in the second layer. See Fig. 2
for a graphical representation of the 2-layer RBM. Ap-
plying the procedure in Ref. [23] (see also section B of
the supplementary material), the RBM Eq. (11) can be
cast into the form of an MPS,
T˜ sihi−1,ihi,i+1 ∝
∑
ai,bi,hi,h′i
exp
[
pii
(
hi−1,iai+
hi,i+1bi + bi +
2
3
hi(ai + bi − si) + 1
2
h′i(ai − bi)
)] (12)
After a similarity transformation on the virtual indices,
T˜ si → U · T˜ si · U−1, U = 1√
2
(
1 i
1 −i
)
(13)
we obtain the standard MPS matrices of the AKLT state
Eq. (4).
MPS by 2-Layer RBM The above procedure of ex-
pressing the AKLT state as a 2-layer RBM can be gen-
eralized for any MPS with finite bond dimension. In
section D of the supplementary material, we prove that
given an arbitrary small error  and arbitrary MPS
MPS({si}) =
∏
{si}Tr(T
si) with finite bond dimension
on a system with N unit cells, there exists a 2-layer RBM
such that
max
{si}
|RBM({si})−MPS({si})| ' O(N) (14)
where O(N) is a coefficient that scales linearly with N .
We prove Eq. (14) based on the representing power the-
orem of 1-layer RBM for (real) probability distributions
of binary numbers[33]. We leave the proof to the supple-
mentary material.
Correlator States by RBM In this section, we con-
struct the exact 1-layer RBM representions for a series of
chiral boson CFT correlator wave functions. For simplic-
ity, we adopt a slightly different convention for labeling
the spin basis: |s〉 = |±〉. The vertex operator of the
chiral boson CFT [34][39] is
Aisi = χsi : e
isi
√
αφ(zi) :, i = 1, 2, . . . , N. (15)
We explain the notations in Eq. (15). (i) N is the sys-
tem size and we assume that N is even; (ii) φ(z) is the
holomorphic part of the free boson field, where z = x+iy
is the complex coordinate; (iii) si = ±1 labels the spin
basis; (iv) α is a positive real number encoding the con-
formal dimension h of Aisi , i.e., h =
1
2α; (v) the Marshall
sign factor χsj is defined as χsj = 1 for even j, and
χsj = sj for odd j; (vi) : O : denotes the normal ordering
of the operator O on the decomposition of φ into normal
modes. The correlator of the vertex operators Eq. (15)
is the wave function:
ψCFT(s1, s2, . . . , sN ) ∝ 〈A1s1A2s2 . . . ANsN 〉CFT
∝δ
(
N∑
i=1
si
) ∏
i odd
si
∏
i>j
(zi − zj)αsisj
(16)
where δ
(∑N
i=1 si
)
= 1 if
∑N
i=1 si = 0; otherwise
δ
(∑N
i=1 si
)
= 0, i.e, constraining the total sz to be
0. If zi’s are restricted to be the coordinates of a spin
chain of N sites with periodic boundary condition, i.e.,
zn = e
2pii
N n, n ∈ {0, 1, ..., N − 1}, then Eq. (16) reduces
to
ψCFT(s1, s2, . . . , sN ) ∝ δ
(
N∑
i=1
si
) ∏
i odd
si
×
∏
m>n
[
sin
(
pi
m− n
N
)]αsmsn (17)
In particular, when α = 12 , ψCFT reduces to the Haldane-
Shastry wave function [34][40]. For convenience, when
m 6= n, we denote dN (m,n) := | sin
(
pim−nN
) |. Eq. (17)
becomes
ψCFT(s1, s2, . . . , sN ) ∝
δ
(
N∑
i=1
si
) ∏
i odd
si
∏
m>n
dN (m,n)
αsmsn
(18)
The chiral boson CFT wave function Eq. (18) is a spe-
cial type of Jastrow wave function. Notice that a wave
function f({si}) is Jastrow if f({si}) =
∏
i<j uij(si, sj)
for some function uij(si, sj). Ref. [6] has shown that a
generic Jastrow wave function can be exactly represented
by a 1-layer RBM with O(N2) hidden spins. In the fol-
lowing we first show that the chiral boson CFT correla-
tor wave function can be exactly represented by a 1-layer
RBM with N(N−1)2 + 1 hidden spins,
ψCFT(s1, s2, . . . , sN ) ∝ eipi2
∑
i:odd(si−1)×
N−1∑
h=0
∑
{hm,n}
ei
pi
N h
∑
i si−i
∑
m>n(smV
α,m,n
1 hm,n+snV
α,m,n
2 hm,n)
(19)
where the hidden spins include: (a) hm,n = ±1 cou-
pling to the pair of visible spins sm and sn and (b)
4Hidden
Visible
Hidden
Figure 3: The RBM state figure for CFT correlator states
with 4 spins with periodic boundary condition. The black
dots are the visible spins and the blue dots are the hidden
spins for each pair of visible spins, i.e., hm,n. See Eq. (19).
h = 0, 1, . . . , N − 1 coupling to all visible spins, as
a Zeeman magnetic field. In Eq. (19), we have used
si = e
ipi(si−1)/2 for si ∈ {1,−1}. The hidden spin h is
introduced to impose the constraint
∑
i si = 0 by a ZN
Fourier transformation. The total number of the hidden
spins are N(N−1)2 + 1. In Eq. (19) we use the notations:
V α,m,n1 := V1 (α ln (dN (m,n)))
V α,m,n2 := V2 (α ln (dN (m,n)))
(20)
where the functions V1(x) and V2(x) are:
V1,2(x) =
1
2
(arccosh (ex)± arcsech (ex)) . (21)
Fig. 3 is a graphical representation of the 1-layer RBM
in Eq. (19). The details to derive Eq. (19) can be found
in section C of the supplementary material.
We further numerically show that the CFT correlator
wave function can be approximated by a 1-layer RBM
with N hidden spins (for 20 ≤ N ≤ 22) within the ac-
curacy 99.9% for 0 < α < 0.1, in contrast to the O(N2)
hidden spins for the exact representation Eq. (19). We
first prove that 1-layer RBM without bias, i.e., Eq. (2)
where ai = 0 and bj = 0, can be approximated (with
the precision given below) by an exponential function of
a quadratic polynomial of physical spins, provided the
weights are small, i.e., |Wij |  1. Concretely,
∑
h1,...,hM
exp
∑
i,j
Wiksihk
 ' 2M exp
1
2
∑
i6=j
Uijsisj
 .
(22)
where U is symmetric and
Uij '
M∑
k=1
WikWjk or U 'WWT . (23)
To prove Eq. (22), we use the cumulant expansion. In
Eq. (22), summing over the hidden spins amounts to cal-
culating the expectation value with a uniform normalized
probability distribution:
p (h1, h2, . . . , hM ) =
1
2M
, ∀ h1, h2, . . . , hM = ±1. (24)
Denote X :=
∑
ijWijsihj . Cumulant expansion[35]
yields
∑
h1,h2,...,hM
eX = 2ME(eX) = 2M exp
( ∞∑
r=1
κr
r!
)
(25)
where E denotes the expectation value over the probabil-
ity distribution Eq. (24). The r-th cumulant κr is listed
in Ref. [35]. κr is of order O(|Wij |r). The first two cu-
mulants κ1 and κ2 are:
κ1 = E(X) = 0
κ2 = E
(
X2
)
=
∑
i,j,k
WikWjksisj
(26)
Hence κ2 is the leading contribution to Eq. (25). Keeping
only the leading terms in Eq. (25), we obtain the desired
approximation
∑
h1,h2,...,hM
eX ' 2M exp
1
2
∑
i,j,k
WikWjksisj
 (27)
The right hand side of Eq. (27) is precisely of the form
exp
(
1
2
∑
i6=j Uijsisj
)
where Uij =
∑
kWikWjk, and
hence Eq. (23) holds. Furthermore, since the only ap-
proximation comes from truncation of the Cumulant se-
ries in Eq. (25), we can determine that Eq. (23) is ac-
curate up to O(|Wij |3). Equivalently, the two sides of
Eq. (22) equal up to a multiplicative factor eO(|Wij |
3)
which is exponentially close to 1. We emphasize that
the accuracy of the approximation also depends on the
number of hidden spins M which we specify below.
Eq. (22) provides a convenient approximation of the
CFT correlator wave function using the RBM. For the
simplicity of numerical simulations, we choose the num-
ber of hidden spins M to be the number of visible spins
N (in contrast to O(N2) for the exact representation
Eq. (19)), we numerically test the validity of this approx-
imation by computing the overlap of ψCFT in Eq. (18)
with the RBM wave function:
ψCFT−RBM(s1, s2, . . . , sN )
=
1
Z
δ
(
N∑
i=1
si
)
ei
pi
2
∑
i:odd(si−1)
∑
h1,h2,...,hN
e
∑
ijWijsihj .
(28)
In Eq. (28), W is obtained by eigenvalue decomposing
U (from Eq. (17)) whose nonzero matrix elements are
Ui,j = α ln (dN (i, j)) ,∀i 6= j. Concretely, we decom-
pose U as U = V ΛV T where V is real and λ is the
diagonal matrix, and we construct W = V
√
Λ [41]. We
numerically compute the fidelity (i.e. single-site over-
lap) |〈ψCFT|ψCFT−RBM〉|1/N . The numerical results are
summarized in Fig. 4. For 0 ≤ α ≤ 1, the fidelity is
greater than 90% with sizes up to N = 22. In partic-
ular, in the regime where the perturbation is valid, i.e.,
50 0.2 0.4 0.6 0.8 1
0.92
0.94
0.96
0.98
1
1.02
α
fid
el
ity
system size = 12
system size = 14
system size = 16
system size = 18
system size = 20
system size = 22
Figure 4: Numerical results for the fidelity
|〈ψCFT|ψCFT−RBM〉|1/N versus α. The two states ψCFT
and ψCFT−RBM are defined in Eqs. (17) and (28) respectively.
Different curves corresponds to different system sizes N .
The horizontal axis is α, and the vertical axis is the fidelity
|〈ψCFT|ψCFT−RBM〉|1/N . The fidelity is significantly larger
than 99% for α < 0.1.
0 ≤ α ≤ 0.1, the fidelity is greater than 99.9%. This indi-
cates that the approximation by cumulant expansion is
acceptable at the leading order. The next order term
in the cumulant expansion is κ4 since κ3 = 0 and it
leads to a quadratic term in the wave function, that is∑
i,j,k,l Uijklsisjsksl, which does not have the quadratic
dependence of Eq. (22).
We comment that the RBM wave function Eq. (28) also
approximates the ground state wave function of the in-
tegrable XXZ chain. The Hamiltonian of the XXZ chain
is
HXXZ =
N∑
i=1
Sxi S
x
i+1 + S
y
i S
y
i+1 + ∆S
z
i S
z
i+1 (29)
where Sai , a = x, y, z are Pauli matrices. In Ref. [34],
it was numerically shown that the overlap between the
ground state of Eq. (29) |ψXXZ〉 and the chiral boson
CFT correlator Eq. (16) |ψCFT〉 is greater than 99% with
N = 20 provided ∆ = − cos(2piα) for 0 ≤ α ≤ 0.1, i.e.,
|〈ψXXZ |ψCFT〉| > 99%. Thus the single site overlap (i.e.
the fidelity) is
|〈ψXXZ |ψCFT〉|1/N > 99.9%, N = 20. (30)
Since we have already shown that the fidelity between
the CFT correlator Eq. (16) and the CFT-RBM Eq. (28)
for N = 20 is also greater than 99.9% for 0 ≤ α ≤ 0.1,
we conclude that the CFT-RBM wave function nicely
approximates the ground state of the XXZ ground state
wave function with the fidelity [42]
|〈ψXXZ |ψCFT−RBM〉|1/N & 99.8%, N = 20. (31)
We finally comment that Eq. (22) allows us to label the
orthogonal basis of the chiral boson CFT using hidden
spins. Recalling Eq. (16) and (17), the matrix elements
Uij in Eq. (22) can be identified as:
Umn = α ln sin
(
pi(m− n)
N
)
, m > n. (32)
Umn in Eq. (32) is proportional to the chiral boson cor-
relation function on a cylinder of length 2pi:
Umn ∝ α〈φ
(
2pim
N
)
φ
(
2pin
N
)
〉cyl (33)
Denote |p, q〉 as the complete and orthonormal basis of
chiral boson CFT, consisting of all the primary states
(labeled by p) and their descendents (labeled by q ≥ 0).
Inserting the identity 1 ≡∑p,q |p, q〉〈p, q| on the cylinder,
we have
Umn ∝ α
∑
p,q
〈φ
(
2pim
N
)
|p, q〉cyl〈p, q|φ
(
2pin
N
)
〉cyl (34)
Comparing Eq. (34) and (23), we can find that:
Wm(p,q) ∝
√
α〈φ
(
2pim
N
)
|p, q〉cyl, (35)
where the second index (p, q) of W , i.e., the hidden spin
in the 1-layer RBM, labels the orthonormal basis of chiral
boson CFT on a cylinder |p, q〉. Since there are infinite
number of orthogonal CFT bases, the number of hidden
spins M is infinite in this case.
Conclusion In this paper, we study two famous states
for 1D spin chains: the AKLT state and the CFT correla-
tor state. The AKLT state can be exactly represented as
a 2-layer RBM state, where the number of hidden spins
per visible spin is 5. We further proved that any MPS
can be approximated by a 2-layer RBM within a given
accuracy . The free-boson CFT correlator wave function
Eq. (17) can be exactly represented by a 1-layer RBM,
and the number of hidden spins per unit cell is approx-
imately M = O(N
2
2 ) as N becomes large. The number
of hidden spins grows as the system size indicates that
the ground state is strongly entangled, with the entangle-
ment bounded from above by log 2NM . Moreover, using
cumulant expansion for the 1-layer RBM, the CFT corre-
lator wave function can be approximated well by a 1-layer
RBM with N number of hidden spins with the accuracy
shown in Fig. 4. It is worth emphasizing that the hidden
spins can be interpreted as the orthonormal basis of the
free boson CFT, as shown in Eq. (35).
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[38] Here, finitely connected means that the weights between
visible spins and hidden spins are non-vanishing only
when the distance between the visible and hidden spins
7are within a finite range.
[39] The standard vertex operator of chiral boson CFT is
exp(i
√
αφ(z)) which does not contain the prefactor si.
The vertex operator in Eq. (15) is more like Knizhnik-
Zamolodchikov spin vertices. However, for simplicity, we
still denote Eq. (15) as the vertex operator of chiral boson
CFT.
[40] To see its connection to the HS wave function, it is more
convenient to change the spin basis si to the occupa-
tion number basis ni, via si = 1 − 2ai. ai = 0, 1. Since∑
i si = 0, we have
∑
i ai = N/2. Hence there are ex-
actly N/2 i’s where ai = 1. Denote such indices as nj .
Then Eq. (17) can be rewritten as ψCFT(n1, ..., nN/2) ∝
eipi
∑
i ni
∏N/2
ni>nj
(sin(pi(ni − nj)/N))2. This is precisely
the HS wave function. See [34] for details.
[41] Because Ui,j is real and symmetric, there exists a real
matrix V satisfying V V T = V TV = I such that U =
V ΛV T , where Λ is a diagonal matrix. Denote W = V
√
Λ.
U can be rewritten as U = WWT . Thus one can find W
by performing the eigenvalue decomposition U = V ΛV T .
[42] Since |〈ψXXZ |ψCFT〉|1/N > 1 −  where  = 0.1%, we
find to the leading order of  that the XXZ state can
be approximated as |ψXXZ〉 = |ψCFT〉+N|α〉 for some
|α〉. Similarly since |〈ψCFT|ψCFT−RBM〉|1/N > 1 − , to
the leading order of , the |ψCFT−RBM〉 can be approxi-
mated as |ψCFT−RBM〉 = |ψCFT〉+N|β〉 for some |β〉. We
estimate the fidelity |〈ψXXZ |ψCFT−RBM〉|1/N up to lead-
ing order of  to be (1 +N(〈α|CFT〉+ 〈CFT|β〉))1/N &
1− 2 = 99.8%.
8A. Expressing the CG Coefficients as an RBM
In this appendix, we express the Clebsch-Gordan (CG) coefficients in Eq. (8) in the main text in terms of a 1-layer
RBM. We find that the coefficients can be organized into the following formula,
P sa,b =
1
3
1∑
h=−1
e
2pii
3 h(a+b−s)Fa,b (A.1)
where
F 1
2 ,
1
2
= F− 12 ,− 12 = 1, F 12 ,− 12 = F− 12 , 12 =
1√
2
(A.2)
The rest of the task is to write the factor Fa,b as an RBM. Fortunately, Fa,b fits nicely into the formula
Fa,b = cos
(pi
4
(a− b)
)
=
1
2
∑
h′=± 12
ei
pi
2 h
′(a−b)
(A.3)
Combining both Eqs. (A.1) and (A.3) leads to:
P sa,b =
1
6
1∑
h=−1
∑
h′=± 12
ei(
2pi
3 h(a+b−s)+pi2 h′(a−b)) (A.4)
B. Expressing a finitely connected and translationally invariant RBM state as an MPS
In this appendix, we map a finitely connected and translationally invariant 2-layer RBM into an MPS. See Ref. [23]
for the discussion of 1-layer RBM ↔ MPS map. As an example, we explain the 2-layer RBM ↔ MPS map where
there are 1 visible spin, 2 hidden spins in the first hidden layer and 2 hidden spins in the second hidden layer per unit
cell. We will comment on the generalization to 2-layer RBM’s with more visible and hidden spins per unit cell.
Consider a translational invariant and nearest neighbor connected 2-layer RBM defined on a 1D lattice with N unit
cells. We first introduce the degrees of freedom in each unit cell as well as the weights and biases.
1. There is 1 visible spin sr in the r-th unit cell, r = 1, ..., N .
2. There are 2 hidden spins h1r and g
1
r in the r-th unit cell of the first hidden layer. h
1
r only connects to the visible
spin in the same unit cell sr, while g
1
r connects to the visible spins belonging to neighbor unit cells sr and sr+1.
3. There are 2 hidden spins h2r and g
2
r in the r-th unit cell of the second hidden layer. h
2
r only connects to the
hidden spins from the first hidden layer in the same unit cell, i.e., h1r and g
1
r . g
2
r connects to the hidden spins
from the first hidden layer belonging to neighbor unit cells, i.e., h1r, g
1
r , h
1
r+1 and g
1
r+1.
4. The weights connecting the visible spins and hidden spins from the first hidden layer are specified as follows:
(a) The weight connecting sr and h
1
r is W
1
sh.
(b) The weight connecting sr and g
1
r is W
1
sg.
(c) The weight connecting sr+1 and g
1
r is W˜
1
sg.
5. The weights connecting the hidden spins from the first hidden layer and those from the second hidden layer are
as follows:
(a) The weight connecting h1r and h
2
r is W
2
hh.
(b) The weight connecting g1r and h
2
r is W
2
gh.
(c) The weight connecting h1r and g
2
r is W
2
hg.
(d) The weight connecting g1r and g
2
r is W
2
gg.
(e) The weight connecting h1r+1 and g
2
r is W˜
2
hg.
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h1r
<latexit sha1_base64="V8cmuvbu4McwumL84qGnp7ITN30=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF 8FQSEfRY8KDHCqYttLFstpN26WYTdjdCCf0NXjwo4tUf5M1/47bNQVtfWHh4Z4adecNUcG1c99spra1vbG6Vtys7u3v7B9XDo5ZOMsXQZ4lIVCekGgWX6BtuBHZShTQOBbbD8c2s3n5CpXkiH8wkxSCmQ8kjzqixlj969P qqX625dXcusgpeATUo1OxXv3qDhGUxSsME1brruakJcqoMZwKnlV6mMaVsTIfYtShpjDrI58tOyZl1BiRKlH3SkLn7eyKnsdaTOLSdMTUjvVybmf/VupmJroOcyzQzKNnioygTxCRkdjkZcIXMiIkFyhS3uxI2oooyY/Op 2BC85ZNXoXVR9yzfX9Yat0UcZTiBUzgHD66gAXfQBB8YcHiGV3hzpPPivDsfi9aSU8wcwx85nz98QI55</latexit><latexit sha1_base64="V8cmuvbu4McwumL84qGnp7ITN30=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF 8FQSEfRY8KDHCqYttLFstpN26WYTdjdCCf0NXjwo4tUf5M1/47bNQVtfWHh4Z4adecNUcG1c99spra1vbG6Vtys7u3v7B9XDo5ZOMsXQZ4lIVCekGgWX6BtuBHZShTQOBbbD8c2s3n5CpXkiH8wkxSCmQ8kjzqixlj969P qqX625dXcusgpeATUo1OxXv3qDhGUxSsME1brruakJcqoMZwKnlV6mMaVsTIfYtShpjDrI58tOyZl1BiRKlH3SkLn7eyKnsdaTOLSdMTUjvVybmf/VupmJroOcyzQzKNnioygTxCRkdjkZcIXMiIkFyhS3uxI2oooyY/Op 2BC85ZNXoXVR9yzfX9Yat0UcZTiBUzgHD66gAXfQBB8YcHiGV3hzpPPivDsfi9aSU8wcwx85nz98QI55</latexit><latexit sha1_base64="V8cmuvbu4McwumL84qGnp7ITN30=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF 8FQSEfRY8KDHCqYttLFstpN26WYTdjdCCf0NXjwo4tUf5M1/47bNQVtfWHh4Z4adecNUcG1c99spra1vbG6Vtys7u3v7B9XDo5ZOMsXQZ4lIVCekGgWX6BtuBHZShTQOBbbD8c2s3n5CpXkiH8wkxSCmQ8kjzqixlj969P qqX625dXcusgpeATUo1OxXv3qDhGUxSsME1brruakJcqoMZwKnlV6mMaVsTIfYtShpjDrI58tOyZl1BiRKlH3SkLn7eyKnsdaTOLSdMTUjvVybmf/VupmJroOcyzQzKNnioygTxCRkdjkZcIXMiIkFyhS3uxI2oooyY/Op 2BC85ZNXoXVR9yzfX9Yat0UcZTiBUzgHD66gAXfQBB8YcHiGV3hzpPPivDsfi9aSU8wcwx85nz98QI55</latexit><latexit sha1_base64="V8cmuvbu4McwumL84qGnp7ITN30=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF 8FQSEfRY8KDHCqYttLFstpN26WYTdjdCCf0NXjwo4tUf5M1/47bNQVtfWHh4Z4adecNUcG1c99spra1vbG6Vtys7u3v7B9XDo5ZOMsXQZ4lIVCekGgWX6BtuBHZShTQOBbbD8c2s3n5CpXkiH8wkxSCmQ8kjzqixlj969P qqX625dXcusgpeATUo1OxXv3qDhGUxSsME1brruakJcqoMZwKnlV6mMaVsTIfYtShpjDrI58tOyZl1BiRKlH3SkLn7eyKnsdaTOLSdMTUjvVybmf/VupmJroOcyzQzKNnioygTxCRkdjkZcIXMiIkFyhS3uxI2oooyY/Op 2BC85ZNXoXVR9yzfX9Yat0UcZTiBUzgHD66gAXfQBB8YcHiGV3hzpPPivDsfi9aSU8wcwx85nz98QI55</latexit>
g1r
<latexit sha1_base64="/oZdafjEWfbdGuwjRzP0b0abfSs=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF 8FQSEfRY8KDHCqYttLFstpN26WYTdjdCCf0NXjwo4tUf5M1/47bNQVtfWHh4Z4adecNUcG1c99spra1vbG6Vtys7u3v7B9XDo5ZOMsXQZ4lIVCekGgWX6BtuBHZShTQOBbbD8c2s3n5CpXkiH8wkxSCmQ8kjzqixlj989P qqX625dXcusgpeATUo1OxXv3qDhGUxSsME1brruakJcqoMZwKnlV6mMaVsTIfYtShpjDrI58tOyZl1BiRKlH3SkLn7eyKnsdaTOLSdMTUjvVybmf/VupmJroOcyzQzKNnioygTxCRkdjkZcIXMiIkFyhS3uxI2oooyY/Op 2BC85ZNXoXVR9yzfX9Yat0UcZTiBUzgHD66gAXfQBB8YcHiGV3hzpPPivDsfi9aSU8wcwx85nz96uI54</latexit><latexit sha1_base64="/oZdafjEWfbdGuwjRzP0b0abfSs=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF 8FQSEfRY8KDHCqYttLFstpN26WYTdjdCCf0NXjwo4tUf5M1/47bNQVtfWHh4Z4adecNUcG1c99spra1vbG6Vtys7u3v7B9XDo5ZOMsXQZ4lIVCekGgWX6BtuBHZShTQOBbbD8c2s3n5CpXkiH8wkxSCmQ8kjzqixlj989P qqX625dXcusgpeATUo1OxXv3qDhGUxSsME1brruakJcqoMZwKnlV6mMaVsTIfYtShpjDrI58tOyZl1BiRKlH3SkLn7eyKnsdaTOLSdMTUjvVybmf/VupmJroOcyzQzKNnioygTxCRkdjkZcIXMiIkFyhS3uxI2oooyY/Op 2BC85ZNXoXVR9yzfX9Yat0UcZTiBUzgHD66gAXfQBB8YcHiGV3hzpPPivDsfi9aSU8wcwx85nz96uI54</latexit><latexit sha1_base64="/oZdafjEWfbdGuwjRzP0b0abfSs=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF 8FQSEfRY8KDHCqYttLFstpN26WYTdjdCCf0NXjwo4tUf5M1/47bNQVtfWHh4Z4adecNUcG1c99spra1vbG6Vtys7u3v7B9XDo5ZOMsXQZ4lIVCekGgWX6BtuBHZShTQOBbbD8c2s3n5CpXkiH8wkxSCmQ8kjzqixlj989P qqX625dXcusgpeATUo1OxXv3qDhGUxSsME1brruakJcqoMZwKnlV6mMaVsTIfYtShpjDrI58tOyZl1BiRKlH3SkLn7eyKnsdaTOLSdMTUjvVybmf/VupmJroOcyzQzKNnioygTxCRkdjkZcIXMiIkFyhS3uxI2oooyY/Op 2BC85ZNXoXVR9yzfX9Yat0UcZTiBUzgHD66gAXfQBB8YcHiGV3hzpPPivDsfi9aSU8wcwx85nz96uI54</latexit><latexit sha1_base64="/oZdafjEWfbdGuwjRzP0b0abfSs=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF 8FQSEfRY8KDHCqYttLFstpN26WYTdjdCCf0NXjwo4tUf5M1/47bNQVtfWHh4Z4adecNUcG1c99spra1vbG6Vtys7u3v7B9XDo5ZOMsXQZ4lIVCekGgWX6BtuBHZShTQOBbbD8c2s3n5CpXkiH8wkxSCmQ8kjzqixlj989P qqX625dXcusgpeATUo1OxXv3qDhGUxSsME1brruakJcqoMZwKnlV6mMaVsTIfYtShpjDrI58tOyZl1BiRKlH3SkLn7eyKnsdaTOLSdMTUjvVybmf/VupmJroOcyzQzKNnioygTxCRkdjkZcIXMiIkFyhS3uxI2oooyY/Op 2BC85ZNXoXVR9yzfX9Yat0UcZTiBUzgHD66gAXfQBB8YcHiGV3hzpPPivDsfi9aSU8wcwx85nz96uI54</latexit>
g2r
<latexit sha1_base64="5Ow7FTads5RyysTJ0uiMGhATYu0=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEI nkpSBD0WPOixgmkLbSyb7aRdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcUsnmWLos0QkqhNSjYJL9A03AjupQhqHAtvh+GZWbz+h0jyRD2aSYhDToeQRZ9RYyx8+1v uqX6m6NXcusgpeAVUo1OxXvnqDhGUxSsME1brruakJcqoMZwKn5V6mMaVsTIfYtShpjDrI58tOybl1BiRKlH3SkLn7eyKnsdaTOLSdMTUjvVybmf/VupmJroOcyzQzKNnioygTxCRkdjkZcIXMiIkFyhS3uxI2oooyY/Mp 2xC85ZNXoVWveZbvL6uN2yKOEpzCGVyAB1fQgDtogg8MODzDK7w50nlx3p2PReuaU8ycwB85nz98Po55</latexit><latexit sha1_base64="5Ow7FTads5RyysTJ0uiMGhATYu0=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEI nkpSBD0WPOixgmkLbSyb7aRdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcUsnmWLos0QkqhNSjYJL9A03AjupQhqHAtvh+GZWbz+h0jyRD2aSYhDToeQRZ9RYyx8+1v uqX6m6NXcusgpeAVUo1OxXvnqDhGUxSsME1brruakJcqoMZwKn5V6mMaVsTIfYtShpjDrI58tOybl1BiRKlH3SkLn7eyKnsdaTOLSdMTUjvVybmf/VupmJroOcyzQzKNnioygTxCRkdjkZcIXMiIkFyhS3uxI2oooyY/Mp 2xC85ZNXoVWveZbvL6uN2yKOEpzCGVyAB1fQgDtogg8MODzDK7w50nlx3p2PReuaU8ycwB85nz98Po55</latexit><latexit sha1_base64="5Ow7FTads5RyysTJ0uiMGhATYu0=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEI nkpSBD0WPOixgmkLbSyb7aRdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcUsnmWLos0QkqhNSjYJL9A03AjupQhqHAtvh+GZWbz+h0jyRD2aSYhDToeQRZ9RYyx8+1v uqX6m6NXcusgpeAVUo1OxXvnqDhGUxSsME1brruakJcqoMZwKn5V6mMaVsTIfYtShpjDrI58tOybl1BiRKlH3SkLn7eyKnsdaTOLSdMTUjvVybmf/VupmJroOcyzQzKNnioygTxCRkdjkZcIXMiIkFyhS3uxI2oooyY/Mp 2xC85ZNXoVWveZbvL6uN2yKOEpzCGVyAB1fQgDtogg8MODzDK7w50nlx3p2PReuaU8ycwB85nz98Po55</latexit><latexit sha1_base64="5Ow7FTads5RyysTJ0uiMGhATYu0=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEI nkpSBD0WPOixgmkLbSyb7aRdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcUsnmWLos0QkqhNSjYJL9A03AjupQhqHAtvh+GZWbz+h0jyRD2aSYhDToeQRZ9RYyx8+1v uqX6m6NXcusgpeAVUo1OxXvnqDhGUxSsME1brruakJcqoMZwKn5V6mMaVsTIfYtShpjDrI58tOybl1BiRKlH3SkLn7eyKnsdaTOLSdMTUjvVybmf/VupmJroOcyzQzKNnioygTxCRkdjkZcIXMiIkFyhS3uxI2oooyY/Mp 2xC85ZNXoVWveZbvL6uN2yKOEpzCGVyAB1fQgDtogg8MODzDK7w50nlx3p2PReuaU8ycwB85nz98Po55</latexit>
h2r
<latexit sha1_base64="hNpx5zRbUVgHKXcEFhX5DVX1OVI=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEI nkpSBD0WPOixgmkLbSyb7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjtr6xubW9ulnfLu3v7BYeXouGWSTDPus0QmuhNSw6VQ3EeBkndSzWkcSt4OxzezevuJayMS9YCTlAcxHSoRCUbRWv7osd 7X/UrVrblzkVXwCqhCoWa/8tUbJCyLuUImqTFdz00xyKlGwSSflnuZ4SllYzrkXYuKxtwE+XzZKTm3zoBEibZPIZm7vydyGhsziUPbGVMcmeXazPyv1s0wug5yodIMuWKLj6JMEkzI7HIyEJozlBMLlGlhdyVsRDVlaPMp 2xC85ZNXoVWveZbvL6uN2yKOEpzCGVyAB1fQgDtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB85nz99xo56</latexit><latexit sha1_base64="hNpx5zRbUVgHKXcEFhX5DVX1OVI=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEI nkpSBD0WPOixgmkLbSyb7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjtr6xubW9ulnfLu3v7BYeXouGWSTDPus0QmuhNSw6VQ3EeBkndSzWkcSt4OxzezevuJayMS9YCTlAcxHSoRCUbRWv7osd 7X/UrVrblzkVXwCqhCoWa/8tUbJCyLuUImqTFdz00xyKlGwSSflnuZ4SllYzrkXYuKxtwE+XzZKTm3zoBEibZPIZm7vydyGhsziUPbGVMcmeXazPyv1s0wug5yodIMuWKLj6JMEkzI7HIyEJozlBMLlGlhdyVsRDVlaPMp 2xC85ZNXoVWveZbvL6uN2yKOEpzCGVyAB1fQgDtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB85nz99xo56</latexit><latexit sha1_base64="hNpx5zRbUVgHKXcEFhX5DVX1OVI=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEI nkpSBD0WPOixgmkLbSyb7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjtr6xubW9ulnfLu3v7BYeXouGWSTDPus0QmuhNSw6VQ3EeBkndSzWkcSt4OxzezevuJayMS9YCTlAcxHSoRCUbRWv7osd 7X/UrVrblzkVXwCqhCoWa/8tUbJCyLuUImqTFdz00xyKlGwSSflnuZ4SllYzrkXYuKxtwE+XzZKTm3zoBEibZPIZm7vydyGhsziUPbGVMcmeXazPyv1s0wug5yodIMuWKLj6JMEkzI7HIyEJozlBMLlGlhdyVsRDVlaPMp 2xC85ZNXoVWveZbvL6uN2yKOEpzCGVyAB1fQgDtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB85nz99xo56</latexit><latexit sha1_base64="hNpx5zRbUVgHKXcEFhX5DVX1OVI=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEI nkpSBD0WPOixgmkLbSyb7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjtr6xubW9ulnfLu3v7BYeXouGWSTDPus0QmuhNSw6VQ3EeBkndSzWkcSt4OxzezevuJayMS9YCTlAcxHSoRCUbRWv7osd 7X/UrVrblzkVXwCqhCoWa/8tUbJCyLuUImqTFdz00xyKlGwSSflnuZ4SllYzrkXYuKxtwE+XzZKTm3zoBEibZPIZm7vydyGhsziUPbGVMcmeXazPyv1s0wug5yodIMuWKLj6JMEkzI7HIyEJozlBMLlGlhdyVsRDVlaPMp 2xC85ZNXoVWveZbvL6uN2yKOEpzCGVyAB1fQgDtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB85nz99xo56</latexit>
W 1sh<latexit sha1_base64="wyArDRZris4om7ha68QH x1iP2jM=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpbNdtIu3WzS3Y1QQv+EFw+Ke PXvePPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYT hTQKBLaC0e2s3npCpXksH8wkQT+iA8lDzqixVrvVy/Rw+uj1yhW36s5FVsHLoQK56r3yV7cfszRCaZigWnc 8NzF+RpXhTOC01E01JpSN6AA7FiWNUPvZfN8pObNOn4Sxsk8aMnd/T2Q00noSBbYzomaol2sz879aJzXhtZ 9xmaQGJVt8FKaCmJjMjid9rpAZMbFAmeJ2V8KGVFFmbEQlG4K3fPIqNC+qnuX7y0rtJo+jCCdwCufgwRXU4 A7q0AAGAp7hFd6csfPivDsfi9aCk88cwx85nz/uyo/i</latexit><latexit sha1_base64="wyArDRZris4om7ha68QH x1iP2jM=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpbNdtIu3WzS3Y1QQv+EFw+Ke PXvePPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYT hTQKBLaC0e2s3npCpXksH8wkQT+iA8lDzqixVrvVy/Rw+uj1yhW36s5FVsHLoQK56r3yV7cfszRCaZigWnc 8NzF+RpXhTOC01E01JpSN6AA7FiWNUPvZfN8pObNOn4Sxsk8aMnd/T2Q00noSBbYzomaol2sz879aJzXhtZ 9xmaQGJVt8FKaCmJjMjid9rpAZMbFAmeJ2V8KGVFFmbEQlG4K3fPIqNC+qnuX7y0rtJo+jCCdwCufgwRXU4 A7q0AAGAp7hFd6csfPivDsfi9aCk88cwx85nz/uyo/i</latexit><latexit sha1_base64="wyArDRZris4om7ha68QH x1iP2jM=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpbNdtIu3WzS3Y1QQv+EFw+Ke PXvePPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYT hTQKBLaC0e2s3npCpXksH8wkQT+iA8lDzqixVrvVy/Rw+uj1yhW36s5FVsHLoQK56r3yV7cfszRCaZigWnc 8NzF+RpXhTOC01E01JpSN6AA7FiWNUPvZfN8pObNOn4Sxsk8aMnd/T2Q00noSBbYzomaol2sz879aJzXhtZ 9xmaQGJVt8FKaCmJjMjid9rpAZMbFAmeJ2V8KGVFFmbEQlG4K3fPIqNC+qnuX7y0rtJo+jCCdwCufgwRXU4 A7q0AAGAp7hFd6csfPivDsfi9aCk88cwx85nz/uyo/i</latexit><latexit sha1_base64="wyArDRZris4om7ha68QH x1iP2jM=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpbNdtIu3WzS3Y1QQv+EFw+Ke PXvePPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYT hTQKBLaC0e2s3npCpXksH8wkQT+iA8lDzqixVrvVy/Rw+uj1yhW36s5FVsHLoQK56r3yV7cfszRCaZigWnc 8NzF+RpXhTOC01E01JpSN6AA7FiWNUPvZfN8pObNOn4Sxsk8aMnd/T2Q00noSBbYzomaol2sz879aJzXhtZ 9xmaQGJVt8FKaCmJjMjid9rpAZMbFAmeJ2V8KGVFFmbEQlG4K3fPIqNC+qnuX7y0rtJo+jCCdwCufgwRXU4 A7q0AAGAp7hFd6csfPivDsfi9aCk88cwx85nz/uyo/i</latexit> W
1
sg
<latexit sha1_base64="0iWuiFOSdYJHenhDFIpx8MF7s+k=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF 8FQSEfRY9OKxgv2ANpbNdtMu3WzS3YlQQv+EFw+KePXvePPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjG5n9dYT10bE6gEnCfcjOlAiFIyitdqtXm YG00evV664VXcusgpeDhXIVe+Vv7r9mKURV8gkNabjuQn6GdUomOTTUjc1PKFsRAe8Y1HRiBs/m+87JWfW6ZMw1vYpJHP390RGI2MmUWA7I4pDs1ybmf/VOimG134mVJIiV2zxUZhKgjGZHU/6QnOGcmKBMi3sroQNqaYM bUQlG4K3fPIqNC+qnuX7y0rtJo+jCCdwCufgwRXU4A7q0AAGEp7hFd6csfPivDsfi9aCk88cwx85nz/tQ4/h</latexit><latexit sha1_base64="0iWuiFOSdYJHenhDFIpx8MF7s+k=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF 8FQSEfRY9OKxgv2ANpbNdtMu3WzS3YlQQv+EFw+KePXvePPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjG5n9dYT10bE6gEnCfcjOlAiFIyitdqtXm YG00evV664VXcusgpeDhXIVe+Vv7r9mKURV8gkNabjuQn6GdUomOTTUjc1PKFsRAe8Y1HRiBs/m+87JWfW6ZMw1vYpJHP390RGI2MmUWA7I4pDs1ybmf/VOimG134mVJIiV2zxUZhKgjGZHU/6QnOGcmKBMi3sroQNqaYM bUQlG4K3fPIqNC+qnuX7y0rtJo+jCCdwCufgwRXU4A7q0AAGEp7hFd6csfPivDsfi9aCk88cwx85nz/tQ4/h</latexit><latexit sha1_base64="0iWuiFOSdYJHenhDFIpx8MF7s+k=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF 8FQSEfRY9OKxgv2ANpbNdtMu3WzS3YlQQv+EFw+KePXvePPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjG5n9dYT10bE6gEnCfcjOlAiFIyitdqtXm YG00evV664VXcusgpeDhXIVe+Vv7r9mKURV8gkNabjuQn6GdUomOTTUjc1PKFsRAe8Y1HRiBs/m+87JWfW6ZMw1vYpJHP390RGI2MmUWA7I4pDs1ybmf/VOimG134mVJIiV2zxUZhKgjGZHU/6QnOGcmKBMi3sroQNqaYM bUQlG4K3fPIqNC+qnuX7y0rtJo+jCCdwCufgwRXU4A7q0AAGEp7hFd6csfPivDsfi9aCk88cwx85nz/tQ4/h</latexit><latexit sha1_base64="0iWuiFOSdYJHenhDFIpx8MF7s+k=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF 8FQSEfRY9OKxgv2ANpbNdtMu3WzS3YlQQv+EFw+KePXvePPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjG5n9dYT10bE6gEnCfcjOlAiFIyitdqtXm YG00evV664VXcusgpeDhXIVe+Vv7r9mKURV8gkNabjuQn6GdUomOTTUjc1PKFsRAe8Y1HRiBs/m+87JWfW6ZMw1vYpJHP390RGI2MmUWA7I4pDs1ybmf/VOimG134mVJIiV2zxUZhKgjGZHU/6QnOGcmKBMi3sroQNqaYM bUQlG4K3fPIqNC+qnuX7y0rtJo+jCCdwCufgwRXU4A7q0AAGEp7hFd6csfPivDsfi9aCk88cwx85nz/tQ4/h</latexit>
fW 1sg
<latexit sha1_base64="3SEJdh8IMw5sNf7ccQRdVCNIV6A=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL 4KokIuiy6MZlBXuBNobJ5KQdOpmEmYlSQ/BV3LhQxK3v4c63cXpZaOsPAx//OYdz5g9SzpR2nG+rtLS8srpWXq9sbG5t79i7ey2VZJJCkyY8kZ2AKOBMQFMzzaGTSiBxwKEdDK/G9fY9SMUScatHKXgx6QsWMUq0sXz7oP fAQtCMh5C3Cz9X/eLO9e2qU3MmwovgzqCKZmr49lcvTGgWg9CUE6W6rpNqLydSM8qhqPQyBSmhQ9KHrkFBYlBePrm+wMfGCXGUSPOExhP390ROYqVGcWA6Y6IHar42Nv+rdTMdXXg5E2mmQdDpoijjWCd4HAUOmQSq+cgA oZKZWzEdEEmoNoFVTAju/JcXoXVacw3fnFXrl7M4yugQHaET5KJzVEfXqIGaiKJH9Ixe0Zv1ZL1Y79bHtLVkzWb20R9Znz8QNpWZ</latexit><latexit sha1_base64="3SEJdh8IMw5sNf7ccQRdVCNIV6A=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL 4KokIuiy6MZlBXuBNobJ5KQdOpmEmYlSQ/BV3LhQxK3v4c63cXpZaOsPAx//OYdz5g9SzpR2nG+rtLS8srpWXq9sbG5t79i7ey2VZJJCkyY8kZ2AKOBMQFMzzaGTSiBxwKEdDK/G9fY9SMUScatHKXgx6QsWMUq0sXz7oP fAQtCMh5C3Cz9X/eLO9e2qU3MmwovgzqCKZmr49lcvTGgWg9CUE6W6rpNqLydSM8qhqPQyBSmhQ9KHrkFBYlBePrm+wMfGCXGUSPOExhP390ROYqVGcWA6Y6IHar42Nv+rdTMdXXg5E2mmQdDpoijjWCd4HAUOmQSq+cgA oZKZWzEdEEmoNoFVTAju/JcXoXVacw3fnFXrl7M4yugQHaET5KJzVEfXqIGaiKJH9Ixe0Zv1ZL1Y79bHtLVkzWb20R9Znz8QNpWZ</latexit><latexit sha1_base64="3SEJdh8IMw5sNf7ccQRdVCNIV6A=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL 4KokIuiy6MZlBXuBNobJ5KQdOpmEmYlSQ/BV3LhQxK3v4c63cXpZaOsPAx//OYdz5g9SzpR2nG+rtLS8srpWXq9sbG5t79i7ey2VZJJCkyY8kZ2AKOBMQFMzzaGTSiBxwKEdDK/G9fY9SMUScatHKXgx6QsWMUq0sXz7oP fAQtCMh5C3Cz9X/eLO9e2qU3MmwovgzqCKZmr49lcvTGgWg9CUE6W6rpNqLydSM8qhqPQyBSmhQ9KHrkFBYlBePrm+wMfGCXGUSPOExhP390ROYqVGcWA6Y6IHar42Nv+rdTMdXXg5E2mmQdDpoijjWCd4HAUOmQSq+cgA oZKZWzEdEEmoNoFVTAju/JcXoXVacw3fnFXrl7M4yugQHaET5KJzVEfXqIGaiKJH9Ixe0Zv1ZL1Y79bHtLVkzWb20R9Znz8QNpWZ</latexit><latexit sha1_base64="3SEJdh8IMw5sNf7ccQRdVCNIV6A=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL 4KokIuiy6MZlBXuBNobJ5KQdOpmEmYlSQ/BV3LhQxK3v4c63cXpZaOsPAx//OYdz5g9SzpR2nG+rtLS8srpWXq9sbG5t79i7ey2VZJJCkyY8kZ2AKOBMQFMzzaGTSiBxwKEdDK/G9fY9SMUScatHKXgx6QsWMUq0sXz7oP fAQtCMh5C3Cz9X/eLO9e2qU3MmwovgzqCKZmr49lcvTGgWg9CUE6W6rpNqLydSM8qhqPQyBSmhQ9KHrkFBYlBePrm+wMfGCXGUSPOExhP390ROYqVGcWA6Y6IHar42Nv+rdTMdXXg5E2mmQdDpoijjWCd4HAUOmQSq+cgA oZKZWzEdEEmoNoFVTAju/JcXoXVacw3fnFXrl7M4yugQHaET5KJzVEfXqIGaiKJH9Ixe0Zv1ZL1Y79bHtLVkzWb20R9Znz8QNpWZ</latexit>
fW 2hg
<latexit sha1_base64="c1KZXFTKhpjgQJgXu0kU1aOwDiw=">AAAB/XicbZDLSsNAFIYnXmu9xcvOzWAR XJWkCLosunFZwV6gjWEyOWmHTiZhZqLUEHwVNy4Ucet7uPNtnF4W2vrDwMd/zuGc+YOUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhlfjevsepGKJuNWjFLyY9AWLGCXaWL592H tgIWjGQ8jbhZ8P+sVdzbcrTtWZCC+CO4MKmqnh21+9MKFZDEJTTpTquk6qvZxIzSiHotzLFKSEDkkfugYFiUF5+eT6Ap8YJ8RRIs0TGk/c3xM5iZUaxYHpjIkeqPna2Pyv1s10dOHlTKSZBkGni6KMY53gcRQ4ZBKo5iMD hEpmbsV0QCSh2gRWNiG4819ehFat6hq+OavUL2dxlNAROkanyEXnqI6uUQM1EUWP6Bm9ojfryXqx3q2PaeuSNZs5QH9kff4AAOKVjw==</latexit><latexit sha1_base64="c1KZXFTKhpjgQJgXu0kU1aOwDiw=">AAAB/XicbZDLSsNAFIYnXmu9xcvOzWAR XJWkCLosunFZwV6gjWEyOWmHTiZhZqLUEHwVNy4Ucet7uPNtnF4W2vrDwMd/zuGc+YOUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhlfjevsepGKJuNWjFLyY9AWLGCXaWL592H tgIWjGQ8jbhZ8P+sVdzbcrTtWZCC+CO4MKmqnh21+9MKFZDEJTTpTquk6qvZxIzSiHotzLFKSEDkkfugYFiUF5+eT6Ap8YJ8RRIs0TGk/c3xM5iZUaxYHpjIkeqPna2Pyv1s10dOHlTKSZBkGni6KMY53gcRQ4ZBKo5iMD hEpmbsV0QCSh2gRWNiG4819ehFat6hq+OavUL2dxlNAROkanyEXnqI6uUQM1EUWP6Bm9ojfryXqx3q2PaeuSNZs5QH9kff4AAOKVjw==</latexit><latexit sha1_base64="c1KZXFTKhpjgQJgXu0kU1aOwDiw=">AAAB/XicbZDLSsNAFIYnXmu9xcvOzWAR XJWkCLosunFZwV6gjWEyOWmHTiZhZqLUEHwVNy4Ucet7uPNtnF4W2vrDwMd/zuGc+YOUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhlfjevsepGKJuNWjFLyY9AWLGCXaWL592H tgIWjGQ8jbhZ8P+sVdzbcrTtWZCC+CO4MKmqnh21+9MKFZDEJTTpTquk6qvZxIzSiHotzLFKSEDkkfugYFiUF5+eT6Ap8YJ8RRIs0TGk/c3xM5iZUaxYHpjIkeqPna2Pyv1s10dOHlTKSZBkGni6KMY53gcRQ4ZBKo5iMD hEpmbsV0QCSh2gRWNiG4819ehFat6hq+OavUL2dxlNAROkanyEXnqI6uUQM1EUWP6Bm9ojfryXqx3q2PaeuSNZs5QH9kff4AAOKVjw==</latexit><latexit sha1_base64="c1KZXFTKhpjgQJgXu0kU1aOwDiw=">AAAB/XicbZDLSsNAFIYnXmu9xcvOzWAR XJWkCLosunFZwV6gjWEyOWmHTiZhZqLUEHwVNy4Ucet7uPNtnF4W2vrDwMd/zuGc+YOUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhlfjevsepGKJuNWjFLyY9AWLGCXaWL592H tgIWjGQ8jbhZ8P+sVdzbcrTtWZCC+CO4MKmqnh21+9MKFZDEJTTpTquk6qvZxIzSiHotzLFKSEDkkfugYFiUF5+eT6Ap8YJ8RRIs0TGk/c3xM5iZUaxYHpjIkeqPna2Pyv1s10dOHlTKSZBkGni6KMY53gcRQ4ZBKo5iMD hEpmbsV0QCSh2gRWNiG4819ehFat6hq+OavUL2dxlNAROkanyEXnqI6uUQM1EUWP6Bm9ojfryXqx3q2PaeuSNZs5QH9kff4AAOKVjw==</latexit>fW 2gg
<latexit sha1_base64="FGa27Nt9REpt08ac984o qou7LAQ=">AAAB/XicbZDLSsNAFIYnXmu9xcvOTbAIrkpSBF0W3bisYC/QxjCZnKRDJ5MwM1FqCL6KGxeKu PU93Pk2TtsstPWHgY//nMM58/spo1LZ9rextLyyurZe2ahubm3v7Jp7+x2ZZIJAmyQsET0fS2CUQ1tRxaCX CsCxz6Drj64m9e49CEkTfqvGKbgxjjgNKcFKW555OHigASjKAsi7hZdHUXHX8MyaXbenshbBKaGGSrU882s QJCSLgSvCsJR9x06Vm2OhKGFQVAeZhBSTEY6gr5HjGKSbT68vrBPtBFaYCP24sqbu74kcx1KOY193xlgN5X xtYv5X62cqvHBzytNMASezRWHGLJVYkyisgAogio01YCKovtUiQywwUTqwqg7Bmf/yInQadUfzzVmteVnGU UFH6BidIgedoya6Ri3URgQ9omf0it6MJ+PFeDc+Zq1LRjlzgP7I+PwB/0uVjg==</latexit><latexit sha1_base64="FGa27Nt9REpt08ac984o qou7LAQ=">AAAB/XicbZDLSsNAFIYnXmu9xcvOTbAIrkpSBF0W3bisYC/QxjCZnKRDJ5MwM1FqCL6KGxeKu PU93Pk2TtsstPWHgY//nMM58/spo1LZ9rextLyyurZe2ahubm3v7Jp7+x2ZZIJAmyQsET0fS2CUQ1tRxaCX CsCxz6Drj64m9e49CEkTfqvGKbgxjjgNKcFKW555OHigASjKAsi7hZdHUXHX8MyaXbenshbBKaGGSrU882s QJCSLgSvCsJR9x06Vm2OhKGFQVAeZhBSTEY6gr5HjGKSbT68vrBPtBFaYCP24sqbu74kcx1KOY193xlgN5X xtYv5X62cqvHBzytNMASezRWHGLJVYkyisgAogio01YCKovtUiQywwUTqwqg7Bmf/yInQadUfzzVmteVnGU UFH6BidIgedoya6Ri3URgQ9omf0it6MJ+PFeDc+Zq1LRjlzgP7I+PwB/0uVjg==</latexit><latexit sha1_base64="FGa27Nt9REpt08ac984o qou7LAQ=">AAAB/XicbZDLSsNAFIYnXmu9xcvOTbAIrkpSBF0W3bisYC/QxjCZnKRDJ5MwM1FqCL6KGxeKu PU93Pk2TtsstPWHgY//nMM58/spo1LZ9rextLyyurZe2ahubm3v7Jp7+x2ZZIJAmyQsET0fS2CUQ1tRxaCX CsCxz6Drj64m9e49CEkTfqvGKbgxjjgNKcFKW555OHigASjKAsi7hZdHUXHX8MyaXbenshbBKaGGSrU882s QJCSLgSvCsJR9x06Vm2OhKGFQVAeZhBSTEY6gr5HjGKSbT68vrBPtBFaYCP24sqbu74kcx1KOY193xlgN5X xtYv5X62cqvHBzytNMASezRWHGLJVYkyisgAogio01YCKovtUiQywwUTqwqg7Bmf/yInQadUfzzVmteVnGU UFH6BidIgedoya6Ri3URgQ9omf0it6MJ+PFeDc+Zq1LRjlzgP7I+PwB/0uVjg==</latexit><latexit sha1_base64="FGa27Nt9REpt08ac984o qou7LAQ=">AAAB/XicbZDLSsNAFIYnXmu9xcvOTbAIrkpSBF0W3bisYC/QxjCZnKRDJ5MwM1FqCL6KGxeKu PU93Pk2TtsstPWHgY//nMM58/spo1LZ9rextLyyurZe2ahubm3v7Jp7+x2ZZIJAmyQsET0fS2CUQ1tRxaCX CsCxz6Drj64m9e49CEkTfqvGKbgxjjgNKcFKW555OHigASjKAsi7hZdHUXHX8MyaXbenshbBKaGGSrU882s QJCSLgSvCsJR9x06Vm2OhKGFQVAeZhBSTEY6gr5HjGKSbT68vrBPtBFaYCP24sqbu74kcx1KOY193xlgN5X xtYv5X62cqvHBzytNMASezRWHGLJVYkyisgAogio01YCKovtUiQywwUTqwqg7Bmf/yInQadUfzzVmteVnGU UFH6BidIgedoya6Ri3URgQ9omf0it6MJ+PFeDc+Zq1LRjlzgP7I+PwB/0uVjg==</latexit>
W 2gg
<latexit sha1_base64="8q6w6Nwc6/+IoNDWamskD04qs50=">AAAB8XicbZDLSgMxFIbP1Futt6pLN8Ei uCozRdBl0Y3LCvaC7VgyaWYamkmGJCOUYd7CjQtF3Po27nwb03YW2vpD4OM/55Bz/iDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqKNlqghtE8ml6gVYU84EbRtmOO0liuI44LQbTG5m9e4TVZpJcW+mCfVjHAkWMoKNtR6ybj 7Moih/bAyrNbfuzoVWwSugBoVaw+rXYCRJGlNhCMda9z03MX6GlWGE07wySDVNMJngiPYtChxT7WfzjXN0Zp0RCqWyTxg0d39PZDjWehoHtjPGZqyXazPzv1o/NeGVnzGRpIYKsvgoTDkyEs3ORyOmKDF8agETxeyuiIyx wsTYkCo2BG/55FXoNOqe5buLWvO6iKMMJ3AK5+DBJTThFlrQBgICnuEV3hztvDjvzseiteQUM8fwR87nD6ZgkOI=</latexit><latexit sha1_base64="8q6w6Nwc6/+IoNDWamskD04qs50=">AAAB8XicbZDLSgMxFIbP1Futt6pLN8Ei uCozRdBl0Y3LCvaC7VgyaWYamkmGJCOUYd7CjQtF3Po27nwb03YW2vpD4OM/55Bz/iDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqKNlqghtE8ml6gVYU84EbRtmOO0liuI44LQbTG5m9e4TVZpJcW+mCfVjHAkWMoKNtR6ybj 7Moih/bAyrNbfuzoVWwSugBoVaw+rXYCRJGlNhCMda9z03MX6GlWGE07wySDVNMJngiPYtChxT7WfzjXN0Zp0RCqWyTxg0d39PZDjWehoHtjPGZqyXazPzv1o/NeGVnzGRpIYKsvgoTDkyEs3ORyOmKDF8agETxeyuiIyx wsTYkCo2BG/55FXoNOqe5buLWvO6iKMMJ3AK5+DBJTThFlrQBgICnuEV3hztvDjvzseiteQUM8fwR87nD6ZgkOI=</latexit><latexit sha1_base64="8q6w6Nwc6/+IoNDWamskD04qs50=">AAAB8XicbZDLSgMxFIbP1Futt6pLN8Ei uCozRdBl0Y3LCvaC7VgyaWYamkmGJCOUYd7CjQtF3Po27nwb03YW2vpD4OM/55Bz/iDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqKNlqghtE8ml6gVYU84EbRtmOO0liuI44LQbTG5m9e4TVZpJcW+mCfVjHAkWMoKNtR6ybj 7Moih/bAyrNbfuzoVWwSugBoVaw+rXYCRJGlNhCMda9z03MX6GlWGE07wySDVNMJngiPYtChxT7WfzjXN0Zp0RCqWyTxg0d39PZDjWehoHtjPGZqyXazPzv1o/NeGVnzGRpIYKsvgoTDkyEs3ORyOmKDF8agETxeyuiIyx wsTYkCo2BG/55FXoNOqe5buLWvO6iKMMJ3AK5+DBJTThFlrQBgICnuEV3hztvDjvzseiteQUM8fwR87nD6ZgkOI=</latexit><latexit sha1_base64="8q6w6Nwc6/+IoNDWamskD04qs50=">AAAB8XicbZDLSgMxFIbP1Futt6pLN8Ei uCozRdBl0Y3LCvaC7VgyaWYamkmGJCOUYd7CjQtF3Po27nwb03YW2vpD4OM/55Bz/iDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqKNlqghtE8ml6gVYU84EbRtmOO0liuI44LQbTG5m9e4TVZpJcW+mCfVjHAkWMoKNtR6ybj 7Moih/bAyrNbfuzoVWwSugBoVaw+rXYCRJGlNhCMda9z03MX6GlWGE07wySDVNMJngiPYtChxT7WfzjXN0Zp0RCqWyTxg0d39PZDjWehoHtjPGZqyXazPzv1o/NeGVnzGRpIYKsvgoTDkyEs3ORyOmKDF8agETxeyuiIyx wsTYkCo2BG/55FXoNOqe5buLWvO6iKMMJ3AK5+DBJTThFlrQBgICnuEV3hztvDjvzseiteQUM8fwR87nD6ZgkOI=</latexit>W 2hg
<latexit sha1_base64="UVkcXPhF/OgW9COFSBcH TdCLyp0=">AAAB8XicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjBfuBbS2b7aZdutmE3YlQQv6FFw+Ke PXfePPfuG1z0NYXFh7emWFnXj+WwqDrfjuFtfWNza3idmlnd2//oHx41DJRohlvskhGuuNTw6VQvIkCJe/E mtPQl7ztT25m9fYT10ZE6h6nMe+HdKREIBhFaz2k7WyQjkfZY21QrrhVdy6yCl4OFcjVGJS/esOIJSFXyCQ 1puu5MfZTqlEwybNSLzE8pmxCR7xrUdGQm3463zgjZ9YZkiDS9ikkc/f3REpDY6ahbztDimOzXJuZ/9W6CQ ZX/VSoOEGu2OKjIJEEIzI7nwyF5gzl1AJlWthdCRtTTRnakEo2BG/55FVo1aqe5buLSv06j6MIJ3AK5+DBJ dThFhrQBAYKnuEV3hzjvDjvzseiteDkM8fwR87nD6fokOM=</latexit><latexit sha1_base64="UVkcXPhF/OgW9COFSBcH TdCLyp0=">AAAB8XicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjBfuBbS2b7aZdutmE3YlQQv6FFw+Ke PXfePPfuG1z0NYXFh7emWFnXj+WwqDrfjuFtfWNza3idmlnd2//oHx41DJRohlvskhGuuNTw6VQvIkCJe/E mtPQl7ztT25m9fYT10ZE6h6nMe+HdKREIBhFaz2k7WyQjkfZY21QrrhVdy6yCl4OFcjVGJS/esOIJSFXyCQ 1puu5MfZTqlEwybNSLzE8pmxCR7xrUdGQm3463zgjZ9YZkiDS9ikkc/f3REpDY6ahbztDimOzXJuZ/9W6CQ ZX/VSoOEGu2OKjIJEEIzI7nwyF5gzl1AJlWthdCRtTTRnakEo2BG/55FVo1aqe5buLSv06j6MIJ3AK5+DBJ dThFhrQBAYKnuEV3hzjvDjvzseiteDkM8fwR87nD6fokOM=</latexit><latexit sha1_base64="UVkcXPhF/OgW9COFSBcH TdCLyp0=">AAAB8XicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjBfuBbS2b7aZdutmE3YlQQv6FFw+Ke PXfePPfuG1z0NYXFh7emWFnXj+WwqDrfjuFtfWNza3idmlnd2//oHx41DJRohlvskhGuuNTw6VQvIkCJe/E mtPQl7ztT25m9fYT10ZE6h6nMe+HdKREIBhFaz2k7WyQjkfZY21QrrhVdy6yCl4OFcjVGJS/esOIJSFXyCQ 1puu5MfZTqlEwybNSLzE8pmxCR7xrUdGQm3463zgjZ9YZkiDS9ikkc/f3REpDY6ahbztDimOzXJuZ/9W6CQ ZX/VSoOEGu2OKjIJEEIzI7nwyF5gzl1AJlWthdCRtTTRnakEo2BG/55FVo1aqe5buLSv06j6MIJ3AK5+DBJ dThFhrQBAYKnuEV3hzjvDjvzseiteDkM8fwR87nD6fokOM=</latexit><latexit sha1_base64="UVkcXPhF/OgW9COFSBcH TdCLyp0=">AAAB8XicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjBfuBbS2b7aZdutmE3YlQQv6FFw+Ke PXfePPfuG1z0NYXFh7emWFnXj+WwqDrfjuFtfWNza3idmlnd2//oHx41DJRohlvskhGuuNTw6VQvIkCJe/E mtPQl7ztT25m9fYT10ZE6h6nMe+HdKREIBhFaz2k7WyQjkfZY21QrrhVdy6yCl4OFcjVGJS/esOIJSFXyCQ 1puu5MfZTqlEwybNSLzE8pmxCR7xrUdGQm3463zgjZ9YZkiDS9ikkc/f3REpDY6ahbztDimOzXJuZ/9W6CQ ZX/VSoOEGu2OKjIJEEIzI7nwyF5gzl1AJlWthdCRtTTRnakEo2BG/55FVo1aqe5buLSv06j6MIJ3AK5+DBJ dThFhrQBAYKnuEV3hzjvDjvzseiteDkM8fwR87nD6fokOM=</latexit>
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Figure 5: Translationally invariant 2-layer RBM with nearest neighbor connection. The black dot represents the visible spin
{sr}. In the first hidden layer, the green triangle represents the hidden spin {h1r}, and the green box represents the hidden
spin {g1r}. In the second hidden layer, the red pentagon represents the hidden spin {h2r}, and the red diamond represents the
hidden spin {g2r}. The blue lines represent the weights connecting the spins within the unit cell, and the orange lines represent
the weights connecting the spins from adjacent unit cells (which are labeled by W˜ ’s). The yellow shaded region represents a
unit cell involving all three layers. The dark yellow shaded region represents a unit cell involving the visible layer and the first
hidden layer.
(f) The weight connecting g1r+1 and g
2
r is W˜
2
gg.
6. The biases are as follows:
(a) The bias of sr is Ar.
(b) The bias of hir is B
i
r, i = 1, 2.
(c) The bias of gir is C
i
r, i = 1, 2.
For simplicity, we assume all the visible spins and hidden spins are {0, 1} valued. The 2-layer RBM takes the above
general form
f2−RBM(s1, ..., sN ) =
∑
{h1r},{g1r}
∑
{h2r},{g2r}
exp
(
N∑
r=1
(
W 1shsrh
1
r +W
1
sgsrg
1
r + W˜
1
sgsr+1g
1
r
+W 2hhh
1
rh
2
r +W
2
ghg
1
rh
2
r +W
2
hgh
1
rg
2
r +W
2
ggg
1
rg
2
r + W˜
2
hgh
1
r+1g
2
r + W˜
2
ggg
1
r+1g
2
r
+Arsr +B
1
rh
1
r + C
1
r g
1
r +B
2
rh
2
r + C
2
r g
2
r
)) (B.1)
See Figure 5 for a graphical representation of the RBM.
We further organize the 2-layer RBM Eq. (B.1) as an MPS. We first construct a state by treating the RBM Eq. (B.1)
as a wave function,
|RBM〉 =
∑
{sr}
f2−RBM(s1, ..., sN )|{sr}〉 (B.2)
By properly grouping the various terms in Eq. (B.1), we find
|RBM〉 =
∑
{sr}
Tr
( N∏
r=1
T sr
)
|{sr}〉 (B.3)
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where the tensor T sr is a 4× 4 matrix
T sr
g1r−1g
2
r−1,g1rg2r
=
∑
h1r,h
2
r
exp
(
W 1shsrh
1
r +W
1
sgsrg
1
r + W˜
1
sgsrg
1
r−1
+W 2hhh
1
rh
2
r +W
2
ghg
1
rh
2
r +W
2
hgh
1
rg
2
r +W
2
ggg
1
rg
2
r + W˜
2
hgh
1
rg
2
r−1 + W˜
2
ggg
1
rg
2
r−1
+Arsr +B
1
rh
1
r + C
1
r g
1
r +B
2
rh
2
r + C
2
r g
2
r
) (B.4)
This shows that one can directly obtain the MPS from a 2-layer translationally invariant RBM. It is remarkable that
by grouping the indices g1r−1, g
2
r−1 as the left index and the indices g
1
r , g
2
r as the right index, the rank of the 4-by-4
matrices T sr is upper bounded by 2. To see this, we denote
T sr
g1r−1g
2
r−1,g1rg2r
=
∑
h1r
Usr
g1r−1g1rh1r
V
g1r−1g
1
rh
1
r
g2r−1g2r
(B.5)
where
Usr
g1r−1g1rh1r
= exp
(
W 1shsrh
1
r +W
1
sgsrg
1
r + W˜
1
sgsrg
1
r−1 +Arsr +B
1
rh
1
r + C
1
r g
1
r
)
V
g1r−1g
1
rh
1
r
g2r−1g2r
=
∑
h2r
exp
(
W 2hhh
1
rh
2
r +W
2
ghg
1
rh
2
r +W
2
hgh
1
rg
2
r +W
2
ggg
1
rg
2
r + W˜
2
hgh
1
rg
2
r−1 + W˜
2
ggg
1
rg
2
r−1 +B
2
rh
2
r + C
2
r g
2
r
)
(B.6)
Notice that Usr
g1r−1g1rh1r
and V
g1r−1g
1
rh
1
r
g2r−1g2r
are both 1-layer RBMs respectively. In Ref. [23], we showed that the MPS matrix
of the 1-layer RBM must have rank 1. From Eq. (B.5) the matrix T can be expressed as sum of two rank 1 4 × 4
matrices,
T sr
g1r−1g
2
r−1,g1rg2r
= Usr
g1r−1g1r0
V
g1r−1g
1
r0
g2r−1g2r
+ Usr
g1r−1g1r1
V
g1r−1g
1
r1
g2r−1g2r
(B.7)
because Usr
g1r−1g1r0
V
g1r−1g
1
r0
g2r−1g2r
and Usr
g1r−1g1r1
V
g1r−1g
1
r1
g2r−1g2r
are both rank 1 4×4 matrices. (Tensor product of two rank 1 matrices
is still a rank 1 matrix. ) Hence the rank of T is at most 2. Actually the rank of T can be 1, when Usr
g1r−1g1rh1r
V
g1r−1g
1
rh
1
r
g2r−1g2r
is independent of h1r. In particular, when all the weights connecting to the hidden spin h
1
r vanish, U
sr
g1r−1g1rh1r
V
g1r−1g
1
rh
1
r
g2r−1g2r
is independent of h1r. We realize that even in this case (where all weights connecting to h
1
r vanish), the Boltzmann
machine is still a 2-layer RBM (which does not reduce to a 1-layer RBM). In conclusion, we showed the upper bound
for the MPS of the 2-layer RBM Eq. (B.4) is 2.
Generalization to the RBM with more visible and hidden spins per unit cell is straightforward. The recipe is to
introduce species indices to label visible and hidden spins, i.e., {sar , h1,br , g1,cr , h2,er , g2,fr } where a, b, c, e, f are indices
labeling the species. More specifically,
1. sar is the visible spin. a = 1, ..., ns.
2. h1,br , b = 1, ..., nh1, is the hidden spin from the first hidden layer connecting only with the visible spins from the
same unit cell, i.e., sar .
3. g1,cr , c = 1, ..., ng1, is the hidden spin from the first hidden layer connecting only with the visible spins from the
neighbor unit cells, i.e., sar and s
a
r+1;
4. h2,er , e = 1, ..., nh2, is the hidden spin from the second hidden layer connecting only with the hidden spins from
the first hidden layer from the same unit cell, i.e., h1,br and g
1,c
r ;
5. g2,fr , f = 1, ..., ng2 is the hidden spin from the second hidden layer connecting only with the hidden spins from
the first hidden layer from adjacent unit cells, i.e., h1,br , g
1,c
r , h
1,b
r+1 and g
1,c
r+1.
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Finally, the weights and biases {W 1sh,W 1sg, W˜ 1sg,W 2hh,W 2gh,W 2hg,W 2gg, W˜ 2hg, W˜ 2gg, Ar, B1r , C1r , B2r , C2r} are generalized
with the species labels: {W 1,absh ,W 1,acsg , W˜ 1,acsg ,W 2,behh ,W 2,cegh ,W 2,bfhg ,W 2,cfgg , W˜ 2,bfhg , W˜ 2,cfgg , Aar , B1,br , C1,cr , B2,er , C2,fr }. Us-
ing the above notations, the 2-layer RBM is
f2−RBM({sar}) =
∑
{h1,br },{g1,cr }
∑
{h2,er },{g2,fr }
exp
(
N∑
r=1
(
W 1,absh s
a
rh
1,b
r +W
1,ac
sg s
a
rg
1,c
r + W˜
1,ac
sg s
a
r+1g
1,c
r
+W 2,behh h
1,b
r h
2,e
r +W
2,ce
gh g
1,c
r h
2,e
r +W
2,bf
hg h
1,b
r g
2,f
r +W
2,cf
gg g
1,c
r g
2,f
r + W˜
2,bf
hg h
1,b
r+1g
2,f
r + W˜
2,cf
gg g
1,c
r+1g
2,f
r
+Aars
a
r +B
1,b
r h
1,b
r + C
1,c
r g
1,c
r +B
2,e
r h
2,e
r + C
2,f
r g
2,f
r
))
(B.8)
The RBM state of the 2-layer RBM Eq. (B.8) can be rewritten as an MPS,
|RBM〉 =
∑
{sar}
f2−RBM({sar})|{sar}〉 =
∑
{sar}
Tr
( N∏
r=1
T s
1
r...s
ns
r
)
|{sr}〉 (B.9)
where
T
{sar}
{g1,cr−1}{g2,fr−1},{g1,c
′
r }{g2,f′r }
=
∑
{h1,br },{h2,er }
exp
(
W 1,absh s
a
rh
1,b
r +W
1,ac′
sg s
a
rg
1,c′
r + W˜
1,ac
sg s
a
rg
1,c
r−1
+W 2,behh h
1,b
r h
2,e
r +W
2,c′e
gh g
1,c′
r h
2,e
r +W
2,bf ′
hg h
1,b
r g
2,f ′
r +W
2,c′f ′
gg g
1,c′
r g
2,f ′
r + W˜
2,bf
hg h
1,b
r g
2,f
r−1
+ W˜ 2,c
′f
gg g
1,c′
r g
2,f
r−1 +A
a
rs
a
r +B
1,b
r h
1,b
r + C
1,c′
r g
1,c′
r +B
2,e
r h
2,e
r + C
2,f ′
r g
2,f ′
r
)
(B.10)
which is an 2ng1+ng2 × 2ng1+ng2 dimensional matrix. We further calculate the rank of the MPS Eq. (B.10). We use
the same method as in Eq. (B.7). We denote
T
{sar}
{g1,cr−1}{g2,fr−1},{g1,c
′
r }{g2,f′r }
=
∑
{h1,br }
U
{sar}
{g1,cr−1}{g1,c
′
r }{h1,br }
V
{g1,cr−1}{g1,c
′
r }{h1,br }
{g2,fr−1}{g2,f
′
r }
(B.11)
where
U
{sar}
{g1,cr−1}{g1,c
′
r }{h1,br }
= exp
(
W 1,absh s
a
rh
1,b
r +W
1,ac′
sg s
a
rg
1,c′
r + W˜
1,ac
sg s
a
rg
1,c
r−1 +A
a
rs
a
r +B
1,b
r h
1,b
r + C
1,c′
r g
1,c′
r
)
V
{g1,cr−1}{g1,c
′
r }{h1,br }
{g2,fr−1}{g2,f
′
r }
=
∑
{h2,er }
exp
(
W 2,behh h
1,b
r h
2,e
r +W
2,c′e
gh g
1,c′
r h
2,e
r +W
2,bf ′
hg h
1,b
r g
2,f ′
r +W
2,c′f ′
gg g
1,c′
r g
2,f ′
r + W˜
2,bf
hg h
1,b
r g
2,f
r−1
+ W˜ 2,c
′f
gg g
1,c′
r g
2,f
r−1 +B
2,e
r h
2,e
r + C
2,f ′
r g
2,f ′
r
)
(B.12)
Both U
{sar}
{g1,cr−1}{g1,c
′
r }{h1,br }
and V
{g1,cr−1}{g1,c
′
r }{h1,br }
{g2,fr−1}{g2,f
′
r }
are rank 1 matrices. Therefore, we find that T is a sum of 2nh1 rank
1 matrices. In summary we find that the 2ng1+ng2 × 2ng1+ng2 matrix T {sar}{g1,cr−1}{g2,fr−1},{g1,c′r }{g2,f′r } has maximal rank
min{2nh1 , 2ng1+ng2}.
C. Exact RBM Representation for CFT Correlation Wave Function
For the calculation convenience, we introduce the following identity:
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Lemma C.1.
exp (s1s2V ) =
1
2
∑
h=±1
exp (V1s1h+ V2s2h) , ∀ s1, s2 = ±1, (C.1)
where V is a constant, and V1, V2 will be shown to only depend on V .
Proof. Summing over the h on RHS of Eq. (C.1) leads to:
exp (s1s2V ) = cosh (V1s1 + V2s2) , ∀ s1, s2 = ±1. (C.2)
More explicitly, this set of equations without duplicates is listed below:
eV = cosh(V1 + V2),
e−V = cosh(V1 − V2)
(C.3)
We can solve these two equations to find a solution for V1 and V2:
V1 =
1
2
(
sech−1
(
e−V
)
+ sech−1
(
eV
))
,
V2 =
1
2
(
sech−1
(
e−V
)− sech−1 (eV )) . (C.4)
We find that V1 and V2 are Eq. (21) in the main text.
We are ready to transform the CFT correlator wave function in Eq. (18) to an RBM state. Our main tool is the
identity Eq. (C.1). To begin with, let us apply Eq. (C.1) to the following term:
d
(
m− n
N
)αsmsn
= exp
(
ln
(
d
(
m− n
N
))
αsmsn
)
=
1
2
∑
hm,n=±1
exp
(
smV1
(
α ln
(
d
(
m− n
N
)))
hm,n + snV2
(
α ln
(
d
(
m− n
N
)))
hm,n
) (C.5)
where Eq. (C.1) is applied with V = α ln
(
d
(
m−n
N
))
. To simplify notations, we can denote:
V α,m,n1 := V1
(
α ln
(
d
(
m− n
N
)))
=
1
2
(
sech−1
(
d
(
m− n
N
)−α)
+ sech−1
(
d
(
m− n
N
)α))
(C.6)
and
V α,m,n2 := V2
(
α ln
(
d
(
m− n
N
)))
=
1
2
(
sech−1
(
d
(
m− n
N
)−α)
− sech−1
(
d
(
m− n
N
)α))
(C.7)
where the functions V1(x) and V2(x) are defined in Eq. (21). Then Eq. (C.5) becomes:
d
(
m− n
N
)αsmsn
=
1
2
∑
hm,n=±1
exp (smV
α,m,n
1 hm,n + snV
α,m,n
2 hm,n) (C.8)
Applying this identity to each terms in Eq. (18), the wave function is transformed to:
ψCFT(s1, s2, . . . , sN )
∝δ
(∑
i
si
)
exp
(
pii
2
∑
i:odd
si − 1
) ∏
m<n
1
2
∑
hm,n=±1
exp (smV
α,m,n
1 hm,n + snV
α,m,n
2 hm,n)
∝δ
(∑
i
si
)
exp
(
pii
2
∑
i:odd
si
) ∑
{hm,n}=±1
exp
(∑
m<n
(smV
α,m,n
1 hm,n + snV
α,m,n
2 hm,n)
) (C.9)
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where in the last equality, we rewrite the product of summation as a big summation, and the overall constant 12 and
the phase exp
(−pii2 ) are dropped. The last two terms in the last equality of Eq. (C.9) are already in the form of an
RBM state. The rest of the task is to transform the δ function to an RBM state. We can achieve it by a Fourier
transformation:
δ
(∑
i
si
)
=
1
N
∑
h=0,1,...,N−1
exp
(
pii
N
h
∑
i
si
)
, si ∈ {±1}. (C.10)
Therefore, combining Eq. (C.10) and (C.9), ψCFT(s1, s2, . . . , sN ) becomes:
ψCFT(s1, s2, . . . , sN )
∝ 1
N
∑
h=0,1,...,N−1
exp
(
pii
N
h
∑
i
si
)
exp
(
pii
2
∑
i:odd
si
) ∑
{hm,n}=±1
exp
(∑
m<n
(smV
α,m,n
1 hm,n + snV
α,m,n
2 hm,n)
)
=
1
N
N−1∑
h=0
∑
{hm,n}=±1
exp
(
i
(
pi
N
h
∑
i
si +
pi
2
∑
i:odd
si − i
∑
m<n
(smV
α,m,n
1 hm,n + snV
α,m,n
2 hm,n)
)) (C.11)
This wave function is in the form of the RBM state.
D. MPS by 2-Layer RBM
In this appendix, we show that any MPS with finite bond dimension can be approximated by a 2-layer RBM within
an error which scales linearly with N . Due to the length of the section, we briefly summarize the procedures:
1. Review the theorem in Ref. [33] where the authors proved that any (real) probability distribution can be
approximated by a 1-layer RBM, i.e. Theorem D.4.
2. Establish Theorem D.10 that any complex function can be approximated by a 2-layer RBM.
3. Apply Theorem D.10 to the local complex tensor A and thus obtain the approximated local 2-layer RBM, which
is shown in Corollary D.10.1.
4. Combine each of the approximated local 2-layer RBM, which turns out to be a 2-layer RBM, i.e. Theorem D.12.
Conventions
Suppose we have an MPS with periodic boundary condition whose local tensor is A:∑
S1,S2,...,SN
∑
I1,I2,...,IN
AS1I1,I2A
S2
I2,I3
. . . ASNIN ,I1 |S1, S2, . . . , SN 〉 (D.1)
The tensor A has one physical index of dimension d and two virtual indices of dimensionD. The diagram representation
for the tensor A is:
(D.2)
where each line represents an index of the tensor. For convenience, we assume:
d = 2n, D = 2m. (D.3)
14
so that the indices of the tensor ASIJ can be represented by the binary number indices:
S = (s1s2 . . . sn)2, ∀ S = 0, 1, 2, . . . , d− 1.
I = (i1i2 . . . im)2, ∀ I = 0, 1, 2, . . . , D − 1.
(D.4)
where each binary number is valued in sk ∈ {0, 1} and ik ∈ {0, 1}. It is convenient to denote a 1-layer RBM abstractly
without explicitly labeling the weights and biases
RBMn,m(s1, s2, . . . , sn) =
∑
{hj}∈{0,1}m
exp
∑
ij
Wijsihj +
∑
i
aisi +
∑
j
bjhj
 , ∀ s1, s2, . . . , sn ∈ {0, 1}n, (D.5)
For the purpose of proving the existence of such an RBM, finding the specific values of weights and biases is not
important, and the schematic notation of RBM RBMn,m(s1, s2, . . . , sn) simplifies the discussion below. Similarly,
we shall use the notation RBMn,p,q (s1, s2, . . . , sn) to denote a 2-layer RBM whose number of visible spins is n, the
number of the first layer hidden spins is p and the number of the second layer hidden spins is q.
The 1-layer RBM has the following properties:
Property D.2. 1. Suppose fi(si) are linear functions of si (i = 1, 2, . . . , n) (fi(si) = pisi + qi, (i = 1, 2, . . . , n)),
then RBMn,m(f1(s1), f2(s2), . . . , fn(sn)) is also a 1-layer RBM.
2. The multiplication of two 1-layer RBM’s of the same set of visible spins, with the number of hidden spins m1
and m2, is also a 1-layer RBM, however with of m1 +m2 number of hidden spins
RBM(1)n,m1(s1, s2, . . . , sn)RBM
(2)
n,m2(s1, s2, . . . , sn) = RBMn,m1+m2(s1, s2, . . . , sn). (D.6)
RBM(1)n,m1(s1, s2, . . . , sn) and RBM
(2)
n,m2(s1, s2, . . . , sn) can have different weights and biases.
3. The multiplication of two 1-layer RBM’s RBM(1)n1,m1(s
(1)
1 , s
(1)
2 , . . . , s
(1)
n1 ) and RBM
(2)
n2,m2(s
(2)
1 , . . . , s
(2)
n2 ) is a 1-layer
RBM of n1 + n2 visible spins and m1 +m2 hidden spins, i.e.,
RBM(1)n1,m1(s
(1)
1 , s
(1)
2 , . . . , s
(1)
n1 )RBM
(2)
n2,m2(s
(2)
1 , . . . , s
(2)
n2 ) = RBMn1+n2,m1+m2(s
(1)
1 , . . . , s
(1)
n1 , s
(2)
1 , . . . , s
(2)
n2 ). (D.7)
RBM(1)n,m1(s1, s2, . . . , sn) and RBM
(2)
n,m2(s1, s2, . . . , sn) generally have different weights and biases.
Proof. 1. Suppose the 1-layer RBM is:
RBMn,m(s1, s2, . . . , sn) =
∑
h∈{0,1}m
exp
∑
ij
Wijsihj +
∑
i
aisi +
∑
j
bjhj
 (D.8)
and the linear functions are
fi(x) = pix+ qi, ∀ i = 1, 2, . . . , n. (D.9)
Then,
RBMn,m(f1(s1), f2(s2), . . . , fn(sn))
=
∑
h
exp
∑
ij
Wij(pisi + qi)hj +
∑
i
ai(pisi + qi) +
∑
j
bjhj

=
∑
h
exp
∑
ij
W˜ijsihj +
∑
i
a˜isi +
∑
j
b˜jhj +
∑
i
aiqi

(D.10)
where we have redefined:
W˜ij = Wijpi, a˜i = aiqi, b˜j = bj +
∑
i
Wijqi, (D.11)
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which is also a 1-layer RBM.
2. Suppose general expressions
RBM(1)n,m1(s1, s2, . . . , sn) =
∑
h(1)∈{0,1}m1
exp
∑
ij
W
(1)
ij sih
(1)
j +
∑
i
a
(1)
i si +
∑
j
b
(1)
j h
(1)
j

RBM(2)n,m2(s1, s2, . . . , sn) =
∑
h(2)∈{0,1}m2
exp
∑
ij
W
(2)
ij sih
(2)
j +
∑
i
a
(2)
i si +
∑
j
b
(2)
j h
(2)
j
 (D.12)
Hence, their product is
RBM(1)n,m1(s1, s2, . . . , sn)RBM
(2)
n,m2(s1, s2, . . . , sn)
=
∑
h(1)∈{0,1}m1
exp
∑
ij
W
(1)
ij sih
(1)
j +
∑
i
a
(1)
i si +
∑
j
b
(1)
j h
(1)
j
 ∑
h(2)∈{0,1}m2
exp
∑
ij
W
(2)
ij sih
(2)
j +
∑
i
a
(2)
i si +
∑
j
b
(2)
j h
(2)
j

=
∑
h(1)∈{0,1}m1
∑
h(2)∈{0,1}m2
exp
∑
ij
W
(1)
ij sih
(1)
j +
∑
i
a
(1)
i si +
∑
j
b
(1)
j h
(1)
j +
∑
ij
W
(2)
ij sih
(2)
j +
∑
i
a
(2)
i si +
∑
j
b
(2)
j h
(2)
j

(D.13)
which is a 1-layer RBM with m1 +m2 hidden spins.
3. The proof is essentially the same as the proof of the second property. Suppose
RBM(1)n1,m1(s
(1)
1 , s
(1)
2 , . . . , s
(1)
n1 ) =
∑
h(1)∈{0,1}m1
exp
∑
ij
W
(1)
ij s
(1)
i h
(1)
j +
∑
i
a
(1)
i s
(1)
i +
∑
j
b
(1)
j h
(1)
j

RBM(2)n2,m2(s
(2)
1 , s
(2)
2 , . . . , s
(2)
n2 ) =
∑
h(2)∈{0,1}m2
exp
∑
ij
W
(2)
ij s
(2)
i h
(2)
j +
∑
i
a
(2)
i s
(2)
i +
∑
j
b
(2)
j h
(2)
j
 (D.14)
Hence, direct multiplication gives
RBM(1)n1,m1(s
(1)
1 , s
(1)
2 , . . . , s
(1)
n )RBM
(2)
n2,m2(s
(2)
1 , s
(2)
2 , . . . , s
(2)
n )
=
∑
h(1)∈{0,1}m1
exp
∑
ij
W
(1)
ij s
(1)
i h
(1)
j +
∑
i
a
(1)
i s
(1)
i +
∑
j
b
(1)
j h
(1)
j

∑
h(2)∈{0,1}m2
exp
∑
ij
W
(2)
ij s
(2)
i h
(2)
j +
∑
i
a
(2)
i s
(2)
i +
∑
j
b
(2)
j h
(2)
j

=
∑
h(1)∈{0,1}m1
∑
h(2)∈{0,1}m2
exp
∑
ij
W
(1)
ij s
(1)
i h
(1)
j +
∑
i
a
(1)
i s
(1)
i +
∑
j
b
(1)
j h
(1)
j +
∑
ij
W
(2)
ij s
(2)
i h
(2)
j +
∑
i
a
(2)
i s
(2)
i +
∑
j
b
(2)
j h
(2)
j

(D.15)
which is a 1-layer RBM with m1 +m2 hidden spins and n1 + n2 visible spins.
Review of Useful Theorems and Identities
Before discussing the representing power of the RBM, we first introduce the definition of the Kullback-Leibler (KL)
divergence which measures how close two probability distributions are. The reader can find the general definition of
the KL divergence in Ref. [36], which can be defined for probability distributions over both continuous and discrete
variables.
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Definition D.3. Suppose fI({si}), I = 1, 2 are two probability distributions over a set of n Z2 valued variables
si ∈ {0, 1}, i = 1, ..., n, satisfying ∑
{si}
fI({si}) = 1, 0 ≤ fI({si}) ≤ 1 (D.16)
The Kullback-Leibler (KL) divergence between f1({si}) and f2({si}) is defined as
KL(f1|f2) =
∑
{si}
f1({si}) log f1({si})
f2({si}) (D.17)
Two important properties of the KL divergence are that (1) it is always non-negative due to Jensen’s inequality
[36]; (2) it satisfies Pinsker’s inequality [37]. Concretely, the square root of KL gives the upper bound of the statistical
difference of f1 and f2,
max
{si}
|f1({si} − f2({si})| ≤
√
1
2
KL(f1|f2) (D.18)
We proceed to present a theorem on the representing power of the 1-layer RBM, which was originally presented and
proved in Theorem 2.4 of Ref. [33]. We rephrase their theorem as follows ( A typo of their manuscript is corrected
and an equation is simplified further. )
Theorem D.4. Suppose that f is a probability distribution over the variables si ∈ {0, 1}, i = 1, 2, . . . , n. Let k be the
number of variables whose probability distribution is nonzero, i.e., k is the volume of the set
{{si}|f ({si}) > 0} (D.19)
and ξ is the minimal nonzero probability
ξ = min
{si},f({si})>0
f ({si}) . (D.20)
Then for any  > 0, there exists a 1-layer RBM, RBMλ1n,k ({si}), labeled by λ1 > 0 with k hidden spins such that the
KL divergence between f and RBMλ1n,k is controlled:
KL(f |RBMλ1n,k) = ln
(
1 +
(2n − k) ξ
1 + exp (λ1)
)
< , for finite n. (D.21)
We refer the reader to Ref. [33] for the definition of λ1. The specific construction of λ1 will not be important for
our purposes. Using Pinsker’s inequality, Theorem D.4 implies that:
max
{si}
|f ({si})− RBMλ1n,k ({si}) | ≤
√
1
2
KL(f |RBMλ1n,k) ≤
√
1
2
 (D.22)
Hence,
lim
λ1→∞
RBMλ1n,k ({si}) = f ({si}) , ∀ si = 0, 1, ∀ i = 1, 2, . . . , n. (D.23)
Another useful identity was introduced in Ref. [3].
Theorem D.5. (Carleo, Nomura and Imada (2018), Eq. (22)) exp (σ1σ2 . . . σNV ), where σi ∈ {±1}, can be expressed
in terms of a 1-layer RBM with N visible spins and 2 hidden spins.
exp (σ1σ2 . . . σNV )
=C cos2
(
b+
pi
4
N∑
i=1
σi
)
=
C
4
∑
h1,h2=±1
exp
(
i
(
b+
pi
4
N∑
i=1
σi
)
(h1 + h2)
)
=
C
4
∑
h˜1,h˜2=0,1
exp
(
i
(
b+
pi
4
N∑
i=1
σi
)(
1− 2h˜1 + 1− 2h˜2
))
=RBMN,2(σ1, ..., σN ), ∀ σi ∈ {±1}, i = 1, 2, . . . , N.
(D.24)
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where
b = arctan
(
e−V
)− pi
4
mod(N, 4)
C =
1
cos (arctan (e−V )) sin (arctan (e−V ))
(D.25)
In the next subsection, we will only use the schematic equivalence exp (σ1σ2 . . . σNV ) = RBMN,2(σ1, ..., σN ), i.e.,
the last equality of Eq. (D.24). For definiteness, we will assume that all the hidden spins in this appendix are {0, 1}
valued. Note that this schematic relation might use more hidden spins than necessary. For instance, when N = 2, as
demonstrated in Lemma C.1, it suffices to introduce only one hidden spin, h.
It will be convenient to convert Theorem D.5 from {±1} convention to {0, 1} convention to label spins. In particular,
the cases of N = 2, 3, 4 are extensively used in our following calculations.
Lemma D.6. exp(V s1s2), si = 0, 1, can be expressed as a 1-layer RBM with 2 visible spins and 2 hidden spin, i.e,
exp(V s1s2) = RBM2,1(s1, s2),∀ s1, s2 = 0, 1. (D.26)
Proof. Denoting σi = 2si−1 ∈ {±1}, then exp(V s1s2) = exp(V σ1σ2/4) exp(V (σ1+σ2)/4) exp(V/4). Using Eq. (C.1),
we have exp(V σ1σ2/4) = RBM2,1(σ1, σ2). Further multiplying exp(V (σ1 + σ2)/4) amounts to adding bias terms in
the RBM. Hence it immediately follows that exp(V s1s2) can also be expressed as an RBM with 2 visible spins and 1
hidden spin. In conclusion, Eq. (D.26) holds.
Lemma D.7. exp (s1s2s3V ) with si ∈ {0, 1} can be written as a 1-layer RBM with 3 visible spins and 5 hidden spins,
i.e.,
exp (s1s2s3V ) = RBM3,5 (s1, s2, s3) (D.27)
Proof. For simplicity, we will use Theorem D.5 and Corollary (D.6) to prove this lemma. Since the visible spins are
{0, 1} valued, to use Theorem D.5, we introduce the {±1} valued variables σi = 2si − 1 ∈ {±1}, i = 1, 2, 3. Then
exp (s1s2s3V ) can be expressed in terms of σi as
exp (s1s2s3V ) = exp
(
V
8
σ1σ2σ3
)
exp
(
V
8
(σ1σ2 + σ1σ3 + σ2σ3)
)
exp
(
V
8
(σ1 + σ2 + σ3 + 1)
)
(D.28)
According to Theorem D.5 and Lemma D.6, we can introduce an RBM for each of the terms in the above equation:
exp
(
V
8
σ1σ2σ3
)
= RBM3,2(σ1, σ2, σ3),
exp
(
V
8
(σ1σ2 + σ1σ3 + σ2σ3) +
V
8
(σ1 + σ2 + σ3 + 1)
)
=
1
2
∑
h1,h2,h3=±1
exp(V1σ1h1 + V2σ2h1 + V1σ2h2 + V2σ3h2 + V1σ3h3 + V2σ1h3 +
V
8
(σ1 + σ2 + σ3 + 1))
= RBM3,3(σ1, σ2, σ3)
(D.29)
we find
exp (s1s2s3V ) = RBM3,2(σ1, σ2, σ3)RBM3,3(σ1, σ2, σ3) (D.30)
According to Property D.2, this becomes an RBM with 5 hidden spins.
exp (s1s2s3V ) = RBM3,5 (σ1, σ2, σ3) = RBM3,5 (s1, s2, s3) (D.31)
Thus exp (s1s2s3V ) can be expressed in the form of a 1-layer RBM with 3 visible spins and 5 hidden spins.
Lemma D.8. exp (s1s2s3s4V ) with si ∈ {0, 1} can be written as a 1-layer RBM with 4 visible spins and 16 hidden
spins, i.e.,
exp (s1s2s3s4V ) = RBM4,16 (s1, s2, s3, s4) (D.32)
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Proof. Since the proof is similar to proof of Theorem D.7, we will be brief here. We introduce {±1} valued variables
σi = 2si − 1 ∈ {±1}, i = 1, 2, 3, 4. Then exp (s1s2s3s4V ) can be expressed in terms of σi as
exp (s1s2s3V ) = exp
(
V
16
σ1σ2σ3σ4
)
exp
 V
16
∑
1=i<j<k=4
σiσjσk
 exp
 V
16
∑
1=i<j=4
σiσj
 exp(1 + V
16
∑
1=i=4
σi
)
(D.33)
According to Theorem D.5 and Lemma D.6, we can introduce an RBM for each of the terms in the above equation:
exp
(
V
8
σ1σ2σ3σ4
)
= RBM4,2(σ1, σ2, σ3, σ4),
exp
 V
16
∑
1=i<j<k=4
σiσjσk
 = RBM4,8(σ1, σ2, σ3, σ4)
exp
 V
16
∑
1=i<j=4
σiσj
 exp(1 + V
16
∑
1=i=4
σi
)
= RBM4,6(σ1, σ2, σ3, σ4)
(D.34)
we find
exp (s1s2s3s4V ) = RBM4,2(σ1, σ2, σ3, σ4)RBM4,8(σ1, σ2, σ3, σ4)RBM4,6(σ1, σ2, σ3, σ4)
= RBM4,16(σ1, σ2, σ3, σ4) = RBM4,16(s1, s2, s3, s4)
(D.35)
Thus exp (s1s2s3s4V ) can be expressed in the form of a 1-layer RBM with 4 visible spins and 16 hidden spins.
MPS approximated by 2-Layer RBM
Theorem D.4 only discuss the approximation of a probability distribution by an 1-layer RBM. We will first discuss,
in theorem D.9, the approximation of a real tensor (which need not be a probability distribution) by a 2-layer RBM.
We will discuss the approximation of a complex tensor in theorem D.10.
Theorem D.9. Suppose a real tensor As1s2...sn has binary indices si ∈ {0, 1}, (i = 1, 2, . . . , n). Denote k+ is
the number of elements of As1s2...sn satisfying As1s2...sn > 0, k
− is the number of elements of As1s2...sn satisfying
As1s2...sn < 0, and k = max{k+, k−}. Then for any  > 0, there exists a 2-layer RBM RBMn,6nk+n+k,k+1({si}) such
that:
max
{si}
|As1s2...sn − RBMn,6nk+n+k,k+1({si})| ≤ . (D.36)
where there are n visible spins, 6nk+n+ k hidden spins in the first layer, and k+ 1 hidden spins in the second layer.
Proof. Suppose the real tensor is decomposed as follow:
As1s2...sn = A
+
s1s2...sn −A−s1s2...sn , (D.37)
where
A+s1s2...sn =
{
As1s2...sn if s1, s2 . . . , sn satisfy As1s2...sn > 0,
0 otherwise,
A−s1s2...sn =
{
−As1s2...sn if s1, s2 . . . , sn satisfy As1s2...sn < 0,
0 otherwise.
(D.38)
Using Eq. (D.22), for any  > 0, there exist two 1-layer RBM’s such that these two equations hold true:
max
{si}
|A+s1s2...sn −N+RBM+n,k+ (s1, s2, . . . , sn) | <
1
2
,
max
{si}
|A−s1s2...sn −N−RBM−n,k− (s1, s2, . . . , sn) | <
1
2
.
(D.39)
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where
N+ =
∑
{si}
A+s1s2...sn , N
− =
∑
{si}
A−s1s2...sn . (D.40)
Hence, we have:
max
{si}
|As1s2...sn −N+RBM+n,k+ (s1, s2, . . . , sn) +N−RBM−n,k− (s1, s2, . . . , sn) |
= max
{si}
|A+s1s2...sn −A−s1s2...sn −N+RBM+n,k+ (s1, s2, . . . , sn) +N−RBM−n,k− (s1, s2, . . . , sn) |
≤max
{si}
(
|A+s1s2...sn −N+RBM+n,k+ (s1, s2, . . . , sn) |+ |A−s1s2...sn −N−RBM−n,k− (s1, s2, . . . , sn) |
)
≤max
{si}
|A+s1s2...sn −N+RBM+n,k+ (s1, s2, . . . , sn) |+ max{si} |A
−
s1s2...sn −N−RBM−n,k− (s1, s2, . . . , sn) |
≤
(D.41)
We further show that N+RBM+n,k+ −N−RBM−n,k− can be expressed as a 2-layer RBM.
N+RBM+n,k+ (s1, s2, . . . , sn)−N−RBM−n,k− (s1, s2, . . . , sn)
=N+RBM+n,k (s1, s2, . . . , sn)−N−RBM−n,k (s1, s2, . . . , sn)
=
∑
{h1,h2,...hk}
exp
(
W+ij sihj + a
+
i si + b
+
j hj + ln
(
N+
))
+ exp
(
W−ij sihj + a
−
i si + b
−
j hj + ln
(
N−
)
+ ipi
)
=
∑
{h1,h2,...hk}
1∑
h0=0
eh0[W
+
ijsihj+a
+
i si+b
+
j hj+ln(N
+)−W−ij sihj−a−i si−b−j hj−ln(N−)+ipi]+W−ij sihj+a−i si+b−j hj+ln(N−)+ipi
=
∑
{h0,h1,h2,...hk}
∏
ij
RBM3,5 (h0, si, hj)
∏
i
RBM2,1 (h0, si)
∏
j
RBM2,1 (h0, hj)
∏
ij
RBM2,1 (si, hj)
=
∑
{h0,h1,h2,...hk}
RBMn+k+1,6nk+n+k(s1, s2, . . . , sn, h0, h1, . . . , hk)
(D.42)
In the last second equality, we have used
exp((W+ij −W−ij )h0sihj) = RBM3,5 (h0, si, hj)
exp((a+i − a−i )h0si) = RBM2,1 (h0, si)
exp((b+j − b−j )h0hj − (ln(N+)− ln(N−))h0 + ipi) = RBM2,1 (h0, hj)
exp(W−ij sihj + a
−
i si + b
−
j hj − ln
(
N−
)
+ ipi) = RBM2,1 (si, hj)
(D.43)
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<latexit sha1_base64="WBfYwkukoVA+lgVznfat6KBuu+M=">AAAB8nicbZDL SgMxFIYz9VbrrerSTbAIQqHMiKjLohuXFewFpkPJpJk2TCYZkjNCGfoYblwo4tancefbmLaz0NYfAh//OYec84ep4AZc99spra1vbG6Vtys7u3v7B9XDo45RmaasTZVQ uhcSwwSXrA0cBOulmpEkFKwbxnezeveJacOVfIRJyoKEjCSPOCVgLX80yK9kXJf1eDqo1tyGOxdeBa+AGirUGlS/+kNFs4RJoIIY43tuCkFONHAq2LTSzwxLCY3JiPk WJUmYCfL5ylN8Zp0hjpS2TwKeu78ncpIYM0lC25kQGJvl2sz8r+ZnEN0EOZdpBkzSxUdRJjAoPLsfD7lmFMTEAqGa210xHRNNKNiUKjYEb/nkVehcNDzLD5e15m0RRxm doFN0jjx0jZroHrVQG1Gk0DN6RW8OOC/Ou/OxaC05xcwx+iPn8wfAB5Dk</latexit><latexit sha1_base64="WBfYwkukoVA+lgVznfat6KBuu+M=">AAAB8nicbZDL SgMxFIYz9VbrrerSTbAIQqHMiKjLohuXFewFpkPJpJk2TCYZkjNCGfoYblwo4tancefbmLaz0NYfAh//OYec84ep4AZc99spra1vbG6Vtys7u3v7B9XDo45RmaasTZVQ uhcSwwSXrA0cBOulmpEkFKwbxnezeveJacOVfIRJyoKEjCSPOCVgLX80yK9kXJf1eDqo1tyGOxdeBa+AGirUGlS/+kNFs4RJoIIY43tuCkFONHAq2LTSzwxLCY3JiPk WJUmYCfL5ylN8Zp0hjpS2TwKeu78ncpIYM0lC25kQGJvl2sz8r+ZnEN0EOZdpBkzSxUdRJjAoPLsfD7lmFMTEAqGa210xHRNNKNiUKjYEb/nkVehcNDzLD5e15m0RRxm doFN0jjx0jZroHrVQG1Gk0DN6RW8OOC/Ou/OxaC05xcwx+iPn8wfAB5Dk</latexit><latexit sha1_base64="WBfYwkukoVA+lgVznfat6KBuu+M=">AAAB8nicbZDL SgMxFIYz9VbrrerSTbAIQqHMiKjLohuXFewFpkPJpJk2TCYZkjNCGfoYblwo4tancefbmLaz0NYfAh//OYec84ep4AZc99spra1vbG6Vtys7u3v7B9XDo45RmaasTZVQ uhcSwwSXrA0cBOulmpEkFKwbxnezeveJacOVfIRJyoKEjCSPOCVgLX80yK9kXJf1eDqo1tyGOxdeBa+AGirUGlS/+kNFs4RJoIIY43tuCkFONHAq2LTSzwxLCY3JiPk WJUmYCfL5ylN8Zp0hjpS2TwKeu78ncpIYM0lC25kQGJvl2sz8r+ZnEN0EOZdpBkzSxUdRJjAoPLsfD7lmFMTEAqGa210xHRNNKNiUKjYEb/nkVehcNDzLD5e15m0RRxm doFN0jjx0jZroHrVQG1Gk0DN6RW8OOC/Ou/OxaC05xcwx+iPn8wfAB5Dk</latexit><latexit sha1_base64="WBfYwkukoVA+lgVznfat6KBuu+M=">AAAB8nicbZDL SgMxFIYz9VbrrerSTbAIQqHMiKjLohuXFewFpkPJpJk2TCYZkjNCGfoYblwo4tancefbmLaz0NYfAh//OYec84ep4AZc99spra1vbG6Vtys7u3v7B9XDo45RmaasTZVQ uhcSwwSXrA0cBOulmpEkFKwbxnezeveJacOVfIRJyoKEjCSPOCVgLX80yK9kXJf1eDqo1tyGOxdeBa+AGirUGlS/+kNFs4RJoIIY43tuCkFONHAq2LTSzwxLCY3JiPk WJUmYCfL5ylN8Zp0hjpS2TwKeu78ncpIYM0lC25kQGJvl2sz8r+ZnEN0EOZdpBkzSxUdRJjAoPLsfD7lmFMTEAqGa210xHRNNKNiUKjYEb/nkVehcNDzLD5e15m0RRxm doFN0jjx0jZroHrVQG1Gk0DN6RW8OOC/Ou/OxaC05xcwx+iPn8wfAB5Dk</latexit>
h0
<latexit sha1_base64="KEGeM +jxW+oLQ91/wKoXynLtEsY=">AAAB6nicbZBNS8NAEIYn9avWr6hHL 4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3L Y5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacab LJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBK NorYdR3+u7Va/mzUVWwS+gCoUafferN0hYFnOFTFJjur6XYpBTjYJ JPq30MsNTysZ0yLsWFY25CfL5qlNyZp0BiRJtn0Iyd39P5DQ2ZhKHt jOmODLLtZn5X62bYXQd5EKlGXLFFh9FmSSYkNndZCA0ZygnFijTwu 5K2IhqytCmU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFN YDCEZ3iFN0c6L86787FoLTnFzDH8kfP5A/G/jY8=</latexit><latexit sha1_base64="KEGeM +jxW+oLQ91/wKoXynLtEsY=">AAAB6nicbZBNS8NAEIYn9avWr6hHL 4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3L Y5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacab LJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBK NorYdR3+u7Va/mzUVWwS+gCoUafferN0hYFnOFTFJjur6XYpBTjYJ JPq30MsNTysZ0yLsWFY25CfL5qlNyZp0BiRJtn0Iyd39P5DQ2ZhKHt jOmODLLtZn5X62bYXQd5EKlGXLFFh9FmSSYkNndZCA0ZygnFijTwu 5K2IhqytCmU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFN YDCEZ3iFN0c6L86787FoLTnFzDH8kfP5A/G/jY8=</latexit><latexit sha1_base64="KEGeM +jxW+oLQ91/wKoXynLtEsY=">AAAB6nicbZBNS8NAEIYn9avWr6hHL 4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3L Y5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacab LJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBK NorYdR3+u7Va/mzUVWwS+gCoUafferN0hYFnOFTFJjur6XYpBTjYJ JPq30MsNTysZ0yLsWFY25CfL5qlNyZp0BiRJtn0Iyd39P5DQ2ZhKHt jOmODLLtZn5X62bYXQd5EKlGXLFFh9FmSSYkNndZCA0ZygnFijTwu 5K2IhqytCmU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFN YDCEZ3iFN0c6L86787FoLTnFzDH8kfP5A/G/jY8=</latexit><latexit sha1_base64="KEGeM +jxW+oLQ91/wKoXynLtEsY=">AAAB6nicbZBNS8NAEIYn9avWr6hHL 4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3L Y5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacab LJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBK NorYdR3+u7Va/mzUVWwS+gCoUafferN0hYFnOFTFJjur6XYpBTjYJ JPq30MsNTysZ0yLsWFY25CfL5qlNyZp0BiRJtn0Iyd39P5DQ2ZhKHt jOmODLLtZn5X62bYXQd5EKlGXLFFh9FmSSYkNndZCA0ZygnFijTwu 5K2IhqytCmU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFN YDCEZ3iFN0c6L86787FoLTnFzDH8kfP5A/G/jY8=</latexit>
h1
<latexit sha1_base64="RLVNOL8G2 P+KIDSZ+EncTbXg8Fk=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfR Y9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5h KYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQ OJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdR3++7Va/mzUVWwS+gCoUaffe rN0hYFnOFTFJjur6XYpBTjYJJPq30MsNTysZ0yLsWFY25CfL5qlNyZp0BiRJ tn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62bYXQd5EKlGXLFFh9FmSSYkNndZCA0 ZygnFijTwu5K2IhqytCmU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3u oAFNYDCEZ3iFN0c6L86787FoLTnFzDH8kfP5A/NDjZA=</latexit><latexit sha1_base64="RLVNOL8G2 P+KIDSZ+EncTbXg8Fk=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfR Y9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5h KYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQ OJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdR3++7Va/mzUVWwS+gCoUaffe rN0hYFnOFTFJjur6XYpBTjYJJPq30MsNTysZ0yLsWFY25CfL5qlNyZp0BiRJ tn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62bYXQd5EKlGXLFFh9FmSSYkNndZCA0 ZygnFijTwu5K2IhqytCmU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3u oAFNYDCEZ3iFN0c6L86787FoLTnFzDH8kfP5A/NDjZA=</latexit><latexit sha1_base64="RLVNOL8G2 P+KIDSZ+EncTbXg8Fk=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfR Y9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5h KYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQ OJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdR3++7Va/mzUVWwS+gCoUaffe rN0hYFnOFTFJjur6XYpBTjYJJPq30MsNTysZ0yLsWFY25CfL5qlNyZp0BiRJ tn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62bYXQd5EKlGXLFFh9FmSSYkNndZCA0 ZygnFijTwu5K2IhqytCmU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3u oAFNYDCEZ3iFN0c6L86787FoLTnFzDH8kfP5A/NDjZA=</latexit><latexit sha1_base64="RLVNOL8G2 P+KIDSZ+EncTbXg8Fk=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfR Y9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5h KYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQ OJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdR3++7Va/mzUVWwS+gCoUaffe rN0hYFnOFTFJjur6XYpBTjYJJPq30MsNTysZ0yLsWFY25CfL5qlNyZp0BiRJ tn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62bYXQd5EKlGXLFFh9FmSSYkNndZCA0 ZygnFijTwu5K2IhqytCmU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3u oAFNYDCEZ3iFN0c6L86787FoLTnFzDH8kfP5A/NDjZA=</latexit>
hk
<latexit sha1_base64="8Kw9lfXnqzyy9egu635DQZ4w4IM=">AAAB6n icbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu 7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdRf9x3q17Nm4usgl9AFQo1+u5Xb5CwLOYKmaTGdH0v xSCnGgWTfFrpZYanlI3pkHctKhpzE+TzVafkzDoDEiXaPoVk7v6eyGlszCQObWdMcWSWazPzv1o3w+g6yIVKM+SKLT6KMkkwIbO7yUBozlBOLFCmhd2 VsBHVlKFNp2JD8JdPXoXWRc23fH9Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4I+fzB0s6jco=</latexit><latexit sha1_base64="8Kw9lfXnqzyy9egu635DQZ4w4IM=">AAAB6n icbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu 7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdRf9x3q17Nm4usgl9AFQo1+u5Xb5CwLOYKmaTGdH0v xSCnGgWTfFrpZYanlI3pkHctKhpzE+TzVafkzDoDEiXaPoVk7v6eyGlszCQObWdMcWSWazPzv1o3w+g6yIVKM+SKLT6KMkkwIbO7yUBozlBOLFCmhd2 VsBHVlKFNp2JD8JdPXoXWRc23fH9Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4I+fzB0s6jco=</latexit><latexit sha1_base64="8Kw9lfXnqzyy9egu635DQZ4w4IM=">AAAB6n icbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu 7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdRf9x3q17Nm4usgl9AFQo1+u5Xb5CwLOYKmaTGdH0v xSCnGgWTfFrpZYanlI3pkHctKhpzE+TzVafkzDoDEiXaPoVk7v6eyGlszCQObWdMcWSWazPzv1o3w+g6yIVKM+SKLT6KMkkwIbO7yUBozlBOLFCmhd2 VsBHVlKFNp2JD8JdPXoXWRc23fH9Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4I+fzB0s6jco=</latexit><latexit sha1_base64="8Kw9lfXnqzyy9egu635DQZ4w4IM=">AAAB6n icbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu 7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdRf9x3q17Nm4usgl9AFQo1+u5Xb5CwLOYKmaTGdH0v xSCnGgWTfFrpZYanlI3pkHctKhpzE+TzVafkzDoDEiXaPoVk7v6eyGlszCQObWdMcWSWazPzv1o3w+g6yIVKM+SKLT6KMkkwIbO7yUBozlBOLFCmhd2 VsBHVlKFNp2JD8JdPXoXWRc23fH9Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4I+fzB0s6jco=</latexit>
…
s1
<latexit sha1_base64="RWexd mHm1B4IFVP4A7xkvKvI624=">AAAB6nicbZBNS8NAEIYn9avWr6h HL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv 3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukk UwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjp UPKIM2qs9aD7ft+tejVvLrIKfgFVKNTou1+9QcKyGKVhgmrd9b3UB DlVhjOB00ov05hSNqZD7FqUNEYd5PNVp+TMOgMSJco+acjc/T2R0 1jrSRzazpiakV6uzcz/at3MRNdBzmWaGZRs8VGUCWISMrubDLhCZs TEAmWK210JG1FFmbHpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw 9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/5Hz+AAQUjZs=</ latexit><latexit sha1_base64="RWexd mHm1B4IFVP4A7xkvKvI624=">AAAB6nicbZBNS8NAEIYn9avWr6h HL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv 3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukk UwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjp UPKIM2qs9aD7ft+tejVvLrIKfgFVKNTou1+9QcKyGKVhgmrd9b3UB DlVhjOB00ov05hSNqZD7FqUNEYd5PNVp+TMOgMSJco+acjc/T2R0 1jrSRzazpiakV6uzcz/at3MRNdBzmWaGZRs8VGUCWISMrubDLhCZs TEAmWK210JG1FFmbHpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw 9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/5Hz+AAQUjZs=</ latexit><latexit sha1_base64="RWexd mHm1B4IFVP4A7xkvKvI624=">AAAB6nicbZBNS8NAEIYn9avWr6h HL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv 3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukk UwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjp UPKIM2qs9aD7ft+tejVvLrIKfgFVKNTou1+9QcKyGKVhgmrd9b3UB DlVhjOB00ov05hSNqZD7FqUNEYd5PNVp+TMOgMSJco+acjc/T2R0 1jrSRzazpiakV6uzcz/at3MRNdBzmWaGZRs8VGUCWISMrubDLhCZs TEAmWK210JG1FFmbHpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw 9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/5Hz+AAQUjZs=</ latexit><latexit sha1_base64="RWexd mHm1B4IFVP4A7xkvKvI624=">AAAB6nicbZBNS8NAEIYn9avWr6h HL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv 3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukk UwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjp UPKIM2qs9aD7ft+tejVvLrIKfgFVKNTou1+9QcKyGKVhgmrd9b3UB DlVhjOB00ov05hSNqZD7FqUNEYd5PNVp+TMOgMSJco+acjc/T2R0 1jrSRzazpiakV6uzcz/at3MRNdBzmWaGZRs8VGUCWISMrubDLhCZs TEAmWK210JG1FFmbHpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw 9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/5Hz+AAQUjZs=</ latexit>
sn
<latexit sha1_base64="2QleRxA+a1uqgB/v/WW9hztjHJA= ">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjBdMW2lA220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvG EquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRj2aaYhDTkeQRZ9RYy9eDX M4G1Zpbdxci6+AVUINCrUH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9i5LGqIN8seyMXFhnSKJE2ScNWbi/J3Iaaz2N Q9sZUzPWq7W5+V+tl5noJsi5TDODki0/ijJBTELml5MhV8iMmFqgTHG7K2FjqigzNp+KDcFbPXkd2ld1z/LDda15W8RRhjM4h0vw oAFNuIcW+MCAwzO8wpsjnRfn3flYtpacYuYU/sj5/AElYI7k</latexit><latexit sha1_base64="2QleRxA+a1uqgB/v/WW9hztjHJA= ">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjBdMW2lA220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvG EquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRj2aaYhDTkeQRZ9RYy9eDX M4G1Zpbdxci6+AVUINCrUH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9i5LGqIN8seyMXFhnSKJE2ScNWbi/J3Iaaz2N Q9sZUzPWq7W5+V+tl5noJsi5TDODki0/ijJBTELml5MhV8iMmFqgTHG7K2FjqigzNp+KDcFbPXkd2ld1z/LDda15W8RRhjM4h0vw oAFNuIcW+MCAwzO8wpsjnRfn3flYtpacYuYU/sj5/AElYI7k</latexit><latexit sha1_base64="2QleRxA+a1uqgB/v/WW9hztjHJA= ">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjBdMW2lA220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvG EquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRj2aaYhDTkeQRZ9RYy9eDX M4G1Zpbdxci6+AVUINCrUH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9i5LGqIN8seyMXFhnSKJE2ScNWbi/J3Iaaz2N Q9sZUzPWq7W5+V+tl5noJsi5TDODki0/ijJBTELml5MhV8iMmFqgTHG7K2FjqigzNp+KDcFbPXkd2ld1z/LDda15W8RRhjM4h0vw oAFNuIcW+MCAwzO8wpsjnRfn3flYtpacYuYU/sj5/AElYI7k</latexit><latexit sha1_base64="2QleRxA+a1uqgB/v/WW9hztjHJA= ">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjBdMW2lA220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvG EquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRj2aaYhDTkeQRZ9RYy9eDX M4G1Zpbdxci6+AVUINCrUH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9i5LGqIN8seyMXFhnSKJE2ScNWbi/J3Iaaz2N Q9sZUzPWq7W5+V+tl5noJsi5TDODki0/ijJBTELml5MhV8iMmFqgTHG7K2FjqigzNp+KDcFbPXkd2ld1z/LDda15W8RRhjM4h0vw oAFNuIcW+MCAwzO8wpsjnRfn3flYtpacYuYU/sj5/AElYI7k</latexit>
…
h0
<latexit sha1_base64="KEGeM+jxW+oLQ91/wKoXynLtEsY=">AA AB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2 vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdR3+u7Va/mzUVWwS+gCoUa fferN0hYFnOFTFJjur6XYpBTjYJJPq30MsNTysZ0yLsWFY25CfL5qlNyZp0BiRJtn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62bYXQd5EKlGXLF Fh9FmSSYkNndZCA0ZygnFijTwu5K2IhqytCmU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH 8kfP5A/G/jY8=</latexit><latexit sha1_base64="KEGeM+jxW+oLQ91/wKoXynLtEsY=">AA AB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2 vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdR3+u7Va/mzUVWwS+gCoUa fferN0hYFnOFTFJjur6XYpBTjYJJPq30MsNTysZ0yLsWFY25CfL5qlNyZp0BiRJtn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62bYXQd5EKlGXLF Fh9FmSSYkNndZCA0ZygnFijTwu5K2IhqytCmU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH 8kfP5A/G/jY8=</latexit><latexit sha1_base64="KEGeM+jxW+oLQ91/wKoXynLtEsY=">AA AB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2 vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdR3+u7Va/mzUVWwS+gCoUa fferN0hYFnOFTFJjur6XYpBTjYJJPq30MsNTysZ0yLsWFY25CfL5qlNyZp0BiRJtn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62bYXQd5EKlGXLF Fh9FmSSYkNndZCA0ZygnFijTwu5K2IhqytCmU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH 8kfP5A/G/jY8=</latexit><latexit sha1_base64="KEGeM+jxW+oLQ91/wKoXynLtEsY=">AA AB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2 vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdR3+u7Va/mzUVWwS+gCoUa fferN0hYFnOFTFJjur6XYpBTjYJJPq30MsNTysZ0yLsWFY25CfL5qlNyZp0BiRJtn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62bYXQd5EKlGXLF Fh9FmSSYkNndZCA0ZygnFijTwu5K2IhqytCmU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH 8kfP5A/G/jY8=</latexit>
h1
<latexit sha1_base64="RLVNOL8G2P+KIDSZ+EncTbXg8Fk=">AAAB6nicb ZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4et UySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdR3++7Va/mzUVWwS+gCoUafferN0hYFnOFTFJjur6XYpBTjYJJPq30M sNTysZ0yLsWFY25CfL5qlNyZp0BiRJtn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62bYXQd5EKlGXLFFh9FmSSYkNndZCA0ZygnFijTwu5K2IhqytCmU7Eh+Msnr0 LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8kfP5A/NDjZA=</latexit><latexit sha1_base64="RLVNOL8G2P+KIDSZ+EncTbXg8Fk=">AAAB6nicb ZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4et UySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdR3++7Va/mzUVWwS+gCoUafferN0hYFnOFTFJjur6XYpBTjYJJPq30M sNTysZ0yLsWFY25CfL5qlNyZp0BiRJtn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62bYXQd5EKlGXLFFh9FmSSYkNndZCA0ZygnFijTwu5K2IhqytCmU7Eh+Msnr0 LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8kfP5A/NDjZA=</latexit><latexit sha1_base64="RLVNOL8G2P+KIDSZ+EncTbXg8Fk=">AAAB6nicb ZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4et UySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdR3++7Va/mzUVWwS+gCoUafferN0hYFnOFTFJjur6XYpBTjYJJPq30M sNTysZ0yLsWFY25CfL5qlNyZp0BiRJtn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62bYXQd5EKlGXLFFh9FmSSYkNndZCA0ZygnFijTwu5K2IhqytCmU7Eh+Msnr0 LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8kfP5A/NDjZA=</latexit><latexit sha1_base64="RLVNOL8G2P+KIDSZ+EncTbXg8Fk=">AAAB6nicb ZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4et UySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdR3++7Va/mzUVWwS+gCoUafferN0hYFnOFTFJjur6XYpBTjYJJPq30M sNTysZ0yLsWFY25CfL5qlNyZp0BiRJtn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62bYXQd5EKlGXLFFh9FmSSYkNndZCA0ZygnFijTwu5K2IhqytCmU7Eh+Msnr0 LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8kfP5A/NDjZA=</latexit>
hk
<latexit sha1_base64="8Kw9lfXnqzyy9egu635DQZ4w4IM=">AAAB6n icbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu 7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdRf9x3q17Nm4usgl9AFQo1+u5Xb5CwLOYKmaTGdH0v xSCnGgWTfFrpZYanlI3pkHctKhpzE+TzVafkzDoDEiXaPoVk7v6eyGlszCQObWdMcWSWazPzv1o3w+g6yIVKM+SKLT6KMkkwIbO7yUBozlBOLFCmhd2 VsBHVlKFNp2JD8JdPXoXWRc23fH9Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4I+fzB0s6jco=</latexit><latexit sha1_base64="8Kw9lfXnqzyy9egu635DQZ4w4IM=">AAAB6n icbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu 7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdRf9x3q17Nm4usgl9AFQo1+u5Xb5CwLOYKmaTGdH0v xSCnGgWTfFrpZYanlI3pkHctKhpzE+TzVafkzDoDEiXaPoVk7v6eyGlszCQObWdMcWSWazPzv1o3w+g6yIVKM+SKLT6KMkkwIbO7yUBozlBOLFCmhd2 VsBHVlKFNp2JD8JdPXoXWRc23fH9Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4I+fzB0s6jco=</latexit><latexit sha1_base64="8Kw9lfXnqzyy9egu635DQZ4w4IM=">AAAB6n icbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu 7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdRf9x3q17Nm4usgl9AFQo1+u5Xb5CwLOYKmaTGdH0v xSCnGgWTfFrpZYanlI3pkHctKhpzE+TzVafkzDoDEiXaPoVk7v6eyGlszCQObWdMcWSWazPzv1o3w+g6yIVKM+SKLT6KMkkwIbO7yUBozlBOLFCmhd2 VsBHVlKFNp2JD8JdPXoXWRc23fH9Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4I+fzB0s6jco=</latexit><latexit sha1_base64="8Kw9lfXnqzyy9egu635DQZ4w4IM=">AAAB6n icbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu 7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdRf9x3q17Nm4usgl9AFQo1+u5Xb5CwLOYKmaTGdH0v xSCnGgWTfFrpZYanlI3pkHctKhpzE+TzVafkzDoDEiXaPoVk7v6eyGlszCQObWdMcWSWazPzv1o3w+g6yIVKM+SKLT6KMkkwIbO7yUBozlBOLFCmhd2 VsBHVlKFNp2JD8JdPXoXWRc23fH9Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4I+fzB0s6jco=</latexit>
g1
<latexit sha1_base64="K9UfKiyL M3AhNOs8O/voPlMjr+g=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSE fRY9OKxov2ANpTNdpMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAz b5BKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk04y3WCIT3Q2o4VIo3kKBknd TzWkcSN4JxrezeueJayMS9YiTlPsxjZQIBaNorYdo4A2qNbfuzkVWwSugBo Wag+pXf5iwLOYKmaTG9Dw3RT+nGgWTfFrpZ4anlI1pxHsWFY258fP5qlNyZ p0hCRNtn0Iyd39P5DQ2ZhIHtjOmODLLtZn5X62XYXjt50KlGXLFFh+FmSSY kNndZCg0ZygnFijTwu5K2IhqytCmU7EheMsnr0L7ou5Zvr+sNW6KOMpwAqd wDh5cQQPuoAktYBDBM7zCmyOdF+fd+Vi0lpxi5hj+yPn8AfG9jY8=</late xit><latexit sha1_base64="K9UfKiyL M3AhNOs8O/voPlMjr+g=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSE fRY9OKxov2ANpTNdpMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAz b5BKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk04y3WCIT3Q2o4VIo3kKBknd TzWkcSN4JxrezeueJayMS9YiTlPsxjZQIBaNorYdo4A2qNbfuzkVWwSugBo Wag+pXf5iwLOYKmaTG9Dw3RT+nGgWTfFrpZ4anlI1pxHsWFY258fP5qlNyZ p0hCRNtn0Iyd39P5DQ2ZhIHtjOmODLLtZn5X62XYXjt50KlGXLFFh+FmSSY kNndZCg0ZygnFijTwu5K2IhqytCmU7EheMsnr0L7ou5Zvr+sNW6KOMpwAqd wDh5cQQPuoAktYBDBM7zCmyOdF+fd+Vi0lpxi5hj+yPn8AfG9jY8=</late xit><latexit sha1_base64="K9UfKiyL M3AhNOs8O/voPlMjr+g=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSE fRY9OKxov2ANpTNdpMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAz b5BKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk04y3WCIT3Q2o4VIo3kKBknd TzWkcSN4JxrezeueJayMS9YiTlPsxjZQIBaNorYdo4A2qNbfuzkVWwSugBo Wag+pXf5iwLOYKmaTG9Dw3RT+nGgWTfFrpZ4anlI1pxHsWFY258fP5qlNyZ p0hCRNtn0Iyd39P5DQ2ZhIHtjOmODLLtZn5X62XYXjt50KlGXLFFh+FmSSY kNndZCg0ZygnFijTwu5K2IhqytCmU7EheMsnr0L7ou5Zvr+sNW6KOMpwAqd wDh5cQQPuoAktYBDBM7zCmyOdF+fd+Vi0lpxi5hj+yPn8AfG9jY8=</late xit><latexit sha1_base64="K9UfKiyL M3AhNOs8O/voPlMjr+g=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSE fRY9OKxov2ANpTNdpMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAz b5BKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk04y3WCIT3Q2o4VIo3kKBknd TzWkcSN4JxrezeueJayMS9YiTlPsxjZQIBaNorYdo4A2qNbfuzkVWwSugBo Wag+pXf5iwLOYKmaTG9Dw3RT+nGgWTfFrpZ4anlI1pxHsWFY258fP5qlNyZ p0hCRNtn0Iyd39P5DQ2ZhIHtjOmODLLtZn5X62XYXjt50KlGXLFFh+FmSSY kNndZCg0ZygnFijTwu5K2IhqytCmU7EheMsnr0L7ou5Zvr+sNW6KOMpwAqd wDh5cQQPuoAktYBDBM7zCmyOdF+fd+Vi0lpxi5hj+yPn8AfG9jY8=</late xit>
g1
<latexit sha1_base64="K9UfKiyL M3AhNOs8O/voPlMjr+g=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSE fRY9OKxov2ANpTNdpMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAz b5BKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk04y3WCIT3Q2o4VIo3kKBknd TzWkcSN4JxrezeueJayMS9YiTlPsxjZQIBaNorYdo4A2qNbfuzkVWwSugBo Wag+pXf5iwLOYKmaTG9Dw3RT+nGgWTfFrpZ4anlI1pxHsWFY258fP5qlNyZ p0hCRNtn0Iyd39P5DQ2ZhIHtjOmODLLtZn5X62XYXjt50KlGXLFFh+FmSSY kNndZCg0ZygnFijTwu5K2IhqytCmU7EheMsnr0L7ou5Zvr+sNW6KOMpwAqd wDh5cQQPuoAktYBDBM7zCmyOdF+fd+Vi0lpxi5hj+yPn8AfG9jY8=</late xit><latexit sha1_base64="K9UfKiyL M3AhNOs8O/voPlMjr+g=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSE fRY9OKxov2ANpTNdpMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAz b5BKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk04y3WCIT3Q2o4VIo3kKBknd TzWkcSN4JxrezeueJayMS9YiTlPsxjZQIBaNorYdo4A2qNbfuzkVWwSugBo Wag+pXf5iwLOYKmaTG9Dw3RT+nGgWTfFrpZ4anlI1pxHsWFY258fP5qlNyZ p0hCRNtn0Iyd39P5DQ2ZhIHtjOmODLLtZn5X62XYXjt50KlGXLFFh+FmSSY kNndZCg0ZygnFijTwu5K2IhqytCmU7EheMsnr0L7ou5Zvr+sNW6KOMpwAqd wDh5cQQPuoAktYBDBM7zCmyOdF+fd+Vi0lpxi5hj+yPn8AfG9jY8=</late xit><latexit sha1_base64="K9UfKiyL M3AhNOs8O/voPlMjr+g=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSE fRY9OKxov2ANpTNdpMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAz b5BKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk04y3WCIT3Q2o4VIo3kKBknd TzWkcSN4JxrezeueJayMS9YiTlPsxjZQIBaNorYdo4A2qNbfuzkVWwSugBo Wag+pXf5iwLOYKmaTG9Dw3RT+nGgWTfFrpZ4anlI1pxHsWFY258fP5qlNyZ p0hCRNtn0Iyd39P5DQ2ZhIHtjOmODLLtZn5X62XYXjt50KlGXLFFh+FmSSY kNndZCg0ZygnFijTwu5K2IhqytCmU7EheMsnr0L7ou5Zvr+sNW6KOMpwAqd wDh5cQQPuoAktYBDBM7zCmyOdF+fd+Vi0lpxi5hj+yPn8AfG9jY8=</late xit><latexit sha1_base64="K9UfKiyL M3AhNOs8O/voPlMjr+g=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSE fRY9OKxov2ANpTNdpMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAz b5BKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk04y3WCIT3Q2o4VIo3kKBknd TzWkcSN4JxrezeueJayMS9YiTlPsxjZQIBaNorYdo4A2qNbfuzkVWwSugBo Wag+pXf5iwLOYKmaTG9Dw3RT+nGgWTfFrpZ4anlI1pxHsWFY258fP5qlNyZ p0hCRNtn0Iyd39P5DQ2ZhIHtjOmODLLtZn5X62XYXjt50KlGXLFFh+FmSSY kNndZCg0ZygnFijTwu5K2IhqytCmU7EheMsnr0L7ou5Zvr+sNW6KOMpwAqd wDh5cQQPuoAktYBDBM7zCmyOdF+fd+Vi0lpxi5hj+yPn8AfG9jY8=</late xit>
g2
<latexit sha1_base64="bpDOrxTy YxO9N4XUnefKA4NPmd0=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEInkpS BD0WvXisaD+gDWWz3aRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vrCwsM7M+ zMG6RSGHTdb2dtfWNza7u0U97d2z84rBwdt02SacZbLJGJ7gbUcCkUb6FA ybup5jQOJO8E49tZvfPEtRGJesRJyv2YRkqEglG01kM0qA8qVbfmzkVWwSu gCoWag8pXf5iwLOYKmaTG9Dw3RT+nGgWTfFruZ4anlI1pxHsWFY258fP5q lNybp0hCRNtn0Iyd39P5DQ2ZhIHtjOmODLLtZn5X62XYXjt50KlGXLFFh+ FmSSYkNndZCg0ZygnFijTwu5K2IhqytCmU7YheMsnr0K7XvMs319WGzdFH CU4hTO4AA+uoAF30IQWMIjgGV7hzZHOi/PufCxa15xi5gT+yPn8AfNBjZA =</latexit><latexit sha1_base64="bpDOrxTy YxO9N4XUnefKA4NPmd0=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEInkpS BD0WvXisaD+gDWWz3aRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vrCwsM7M+ zMG6RSGHTdb2dtfWNza7u0U97d2z84rBwdt02SacZbLJGJ7gbUcCkUb6FA ybup5jQOJO8E49tZvfPEtRGJesRJyv2YRkqEglG01kM0qA8qVbfmzkVWwSu gCoWag8pXf5iwLOYKmaTG9Dw3RT+nGgWTfFruZ4anlI1pxHsWFY258fP5q lNybp0hCRNtn0Iyd39P5DQ2ZhIHtjOmODLLtZn5X62XYXjt50KlGXLFFh+ FmSSYkNndZCg0ZygnFijTwu5K2IhqytCmU7YheMsnr0K7XvMs319WGzdFH CU4hTO4AA+uoAF30IQWMIjgGV7hzZHOi/PufCxa15xi5gT+yPn8AfNBjZA =</latexit><latexit sha1_base64="bpDOrxTy YxO9N4XUnefKA4NPmd0=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEInkpS BD0WvXisaD+gDWWz3aRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vrCwsM7M+ zMG6RSGHTdb2dtfWNza7u0U97d2z84rBwdt02SacZbLJGJ7gbUcCkUb6FA ybup5jQOJO8E49tZvfPEtRGJesRJyv2YRkqEglG01kM0qA8qVbfmzkVWwSu gCoWag8pXf5iwLOYKmaTG9Dw3RT+nGgWTfFruZ4anlI1pxHsWFY258fP5q lNybp0hCRNtn0Iyd39P5DQ2ZhIHtjOmODLLtZn5X62XYXjt50KlGXLFFh+ FmSSYkNndZCg0ZygnFijTwu5K2IhqytCmU7YheMsnr0K7XvMs319WGzdFH CU4hTO4AA+uoAF30IQWMIjgGV7hzZHOi/PufCxa15xi5gT+yPn8AfNBjZA =</latexit><latexit sha1_base64="bpDOrxTy YxO9N4XUnefKA4NPmd0=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEInkpS BD0WvXisaD+gDWWz3aRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vrCwsM7M+ zMG6RSGHTdb2dtfWNza7u0U97d2z84rBwdt02SacZbLJGJ7gbUcCkUb6FA ybup5jQOJO8E49tZvfPEtRGJesRJyv2YRkqEglG01kM0qA8qVbfmzkVWwSu gCoWag8pXf5iwLOYKmaTG9Dw3RT+nGgWTfFruZ4anlI1pxHsWFY258fP5q lNybp0hCRNtn0Iyd39P5DQ2ZhIHtjOmODLLtZn5X62XYXjt50KlGXLFFh+ FmSSYkNndZCg0ZygnFijTwu5K2IhqytCmU7YheMsnr0K7XvMs319WGzdFH CU4hTO4AA+uoAF30IQWMIjgGV7hzZHOi/PufCxa15xi5gT+yPn8AfNBjZA =</latexit>
g6nk+n+k
<latexit sha1_base64="WBfYwkukoVA+lgVznfat6KBuu+M=">AAAB8nicbZDL SgMxFIYz9VbrrerSTbAIQqHMiKjLohuXFewFpkPJpJk2TCYZkjNCGfoYblwo4tancefbmLaz0NYfAh//OYec84ep4AZc99spra1vbG6Vtys7u3v7B9XDo45RmaasTZVQ uhcSwwSXrA0cBOulmpEkFKwbxnezeveJacOVfIRJyoKEjCSPOCVgLX80yK9kXJf1eDqo1tyGOxdeBa+AGirUGlS/+kNFs4RJoIIY43tuCkFONHAq2LTSzwxLCY3JiPk WJUmYCfL5ylN8Zp0hjpS2TwKeu78ncpIYM0lC25kQGJvl2sz8r+ZnEN0EOZdpBkzSxUdRJjAoPLsfD7lmFMTEAqGa210xHRNNKNiUKjYEb/nkVehcNDzLD5e15m0RRxm doFN0jjx0jZroHrVQG1Gk0DN6RW8OOC/Ou/OxaC05xcwx+iPn8wfAB5Dk</latexit><latexit sha1_base64="WBfYwkukoVA+lgVznfat6KBuu+M=">AAAB8nicbZDL SgMxFIYz9VbrrerSTbAIQqHMiKjLohuXFewFpkPJpJk2TCYZkjNCGfoYblwo4tancefbmLaz0NYfAh//OYec84ep4AZc99spra1vbG6Vtys7u3v7B9XDo45RmaasTZVQ uhcSwwSXrA0cBOulmpEkFKwbxnezeveJacOVfIRJyoKEjCSPOCVgLX80yK9kXJf1eDqo1tyGOxdeBa+AGirUGlS/+kNFs4RJoIIY43tuCkFONHAq2LTSzwxLCY3JiPk WJUmYCfL5ylN8Zp0hjpS2TwKeu78ncpIYM0lC25kQGJvl2sz8r+ZnEN0EOZdpBkzSxUdRJjAoPLsfD7lmFMTEAqGa210xHRNNKNiUKjYEb/nkVehcNDzLD5e15m0RRxm doFN0jjx0jZroHrVQG1Gk0DN6RW8OOC/Ou/OxaC05xcwx+iPn8wfAB5Dk</latexit><latexit sha1_base64="WBfYwkukoVA+lgVznfat6KBuu+M=">AAAB8nicbZDL SgMxFIYz9VbrrerSTbAIQqHMiKjLohuXFewFpkPJpJk2TCYZkjNCGfoYblwo4tancefbmLaz0NYfAh//OYec84ep4AZc99spra1vbG6Vtys7u3v7B9XDo45RmaasTZVQ uhcSwwSXrA0cBOulmpEkFKwbxnezeveJacOVfIRJyoKEjCSPOCVgLX80yK9kXJf1eDqo1tyGOxdeBa+AGirUGlS/+kNFs4RJoIIY43tuCkFONHAq2LTSzwxLCY3JiPk WJUmYCfL5ylN8Zp0hjpS2TwKeu78ncpIYM0lC25kQGJvl2sz8r+ZnEN0EOZdpBkzSxUdRJjAoPLsfD7lmFMTEAqGa210xHRNNKNiUKjYEb/nkVehcNDzLD5e15m0RRxm doFN0jjx0jZroHrVQG1Gk0DN6RW8OOC/Ou/OxaC05xcwx+iPn8wfAB5Dk</latexit><latexit sha1_base64="WBfYwkukoVA+lgVznfat6KBuu+M=">AAAB8nicbZDL SgMxFIYz9VbrrerSTbAIQqHMiKjLohuXFewFpkPJpJk2TCYZkjNCGfoYblwo4tancefbmLaz0NYfAh//OYec84ep4AZc99spra1vbG6Vtys7u3v7B9XDo45RmaasTZVQ uhcSwwSXrA0cBOulmpEkFKwbxnezeveJacOVfIRJyoKEjCSPOCVgLX80yK9kXJf1eDqo1tyGOxdeBa+AGirUGlS/+kNFs4RJoIIY43tuCkFONHAq2LTSzwxLCY3JiPk WJUmYCfL5ylN8Zp0hjpS2TwKeu78ncpIYM0lC25kQGJvl2sz8r+ZnEN0EOZdpBkzSxUdRJjAoPLsfD7lmFMTEAqGa210xHRNNKNiUKjYEb/nkVehcNDzLD5e15m0RRxm doFN0jjx0jZroHrVQG1Gk0DN6RW8OOC/Ou/OxaC05xcwx+iPn8wfAB5Dk</latexit>
Figure 6: Top: A graphical representation of the 1-layer RBM RBMn+k+1,6nk+n+k(s1, s2, . . . , sn, h0, h1, . . . , hk). Black disks
and red circles represent the n+k+1 visible spins of the 1-layer RBM s1, ..., sn, h0, h1, ...hk, while the green circles represent the
6nk + n+ k hidden spins. g1, ..., g6nk+n+k. Bottom: A graphical representation of the 2-layer RBM RBMn,6nk+n+k,k+1({si}).
This is obtained by summing over h0, h1, ..., hk. Since h’s are summed over, they are regarded as the hidden spins in the second
hidden layer. The graph in the bottom is obtained from the graph in the top by simply folding the red circles to the other side
of the green circles.
To see that the last equality in Eq. (D.42) is a 2-layer RBM, we notice that in the 1-layer RBM
RBMn+k+1,6nk+n+k(s1, s2, . . . , sn, h0, h1, . . . , hk), {si} and {hj} are all connected with 6nk + n + k hidden spins,
while {si} and {hj} are not mutually connected. Using this structure, one can label {s1, ..., sn} as the visible spin of
the 2-layer RBM, the 6nk+ n+ k hidden spins in the above 1-layer RBM as the hidden spins in the first layer of the
2-layer RBM, and k+ 1 spins {h0, h1, ..., hk} as the hidden spins in the second layer of the 2-layer RBM. In summary,
we denote the 2-layer RBM as
RBMn,6nk+n+k,k+1({si}) =
∑
{h0,h1,h2,...hk}
RBMn+k+1,6nk+n+k(s1, s2, . . . , sn, h0, h1, . . . , hk) (D.44)
See figure 6 for the graphical representation of the 2-layer RBM RBMn,6nk+n+k,k+1({si}). This completes the proof
of theorem D.9.
As we will see in theorem D.10, we will keep n to be a finite number, which does not go to infinity as the system
size (i.e. the number of unit cells N) goes to infinity. This is because n is the number of spins for each MPS matrix.
n should not be confused with N .
Theorem D.10. Suppose a complex tensor As1s2...sn has binary indices si ∈ {0, 1}, (i = 1, 2, . . . , n). Denote
kR± is the number of elements of the real part of As1s2...sn which are strictly positive and negative respectively, i.e.,
< (As1s2...sn) > 0 or < (As1s2...sn) < 0. Similarly, kI± is the number of elements of the imaginary part of As1s2...sn
which are strictly positive and negative respectively, i.e., = (As1s2...sn) > 0 or = (As1s2...sn) < 0. Then for any  > 0,
there exists a 2-layer RBM such that
max
{si}
|As1s2...sn − RBMn,36kn2+6n2+36k2n+54kn+8n+6k2+8k+1,6nk+n+2k+2({si})| ≤ . (D.45)
where k = max(kR+, kR−, kI+, kI−). The 2-layer RBM contains n visible spins, 36kn2 + 6n2 + 36k2n+ 54kn+ 8n+
6k2 + 8k + 1 hidden spins in the first hidden layer and 6nk + n+ 2k + 2 hidden spins in the second hidden layer.
Proof. Because As1s2...sn is complex, to use Theorem D.9, we consider the real part and the imaginary part of As1s2...sn
respectively. Denote < (As1s2...sn) and = (As1s2...sn) as the real and imaginary part respectively, i.e.,
As1s2...sn = < (As1s2...sn) + i= (As1s2...sn) (D.46)
21
Using Theorem D.9, for any given  > 0, there exist 2-layer RBMRn,6nkR+n+kR,kR+1 and RBM
I
n,6nkI+n+kI ,kI+1 such
that
max
{si}
|< (As1s2...sn)− RBMRn,6nkR+n+kR,kR+1({si})| <

2
max
{si}
|= (As1s2...sn)− RBMIn,6nkI+n+kI ,kI+1({si})| <

2
(D.47)
where kR = max
(
kR+, kR−
)
and kI = max
(
kI+, kI−
)
. Then
max
{si}
|As1s2...sn − RBMRn,6nkR+n+kR,kR+1({si})− iRBMIn,6nkI+n+kI ,kI+1({si})|
= max
{si}
|< (As1s2...sn) + i= (As1s2...sn)− RBMRn,6nkR+n+kR,kR+1({si})− iRBMIn,6nkI+n+kI ,kI+1({si})|
≤ max
{si}
|< (As1s2...sn)− RBMRn,6nkR+n+kR,kR+1({si})|+ max{si} |= (As1s2...sn)− RBM
I
n,6nkI+n+kI ,kI+1({si})|
<

2
+

2
= 
(D.48)
Thus any complex tensor As1s2...sn can be approximated by RBM
R
n,6nkR+n+kR,kR+1({si}) +
iRBMIn,6nkI+n+kI ,kI+1({si}) up to an arbitrary given precision .
To complete the proof, we need to show that RBMRn,6nkR+n+kR,kR+1({si}) + iRBMIn,6nkI+n+kI ,kI+1({si}) is a 2-
layer RBM. Denote k = max{kR, kI}, then RBMRn,6nkR+n+kR,kR+1({si}) and RBMIn,6nkI+n+kI ,kI+1({si}) can both
be written as RBM
R/I
n,6nk+n+k,k+1({si}). Hence
RBMRn,6nk+n+k,k+1({si}) + iRBMIn,6nk+n+k,k+1({si})
=
∑
{hj},{gl}
RBMRn+k+1,6nk+n+k(s1, s2, . . . , sn, h0, h1, . . . , hk) + iRBM
I
n+k+1,6nk+n+k(s1, s2, . . . , sn, h0, h1, . . . , hk)
=
∑
{hj},{gl}
exp(W sgRil sigl +W
hgR
jl hjgl + a
sR
i si + a
hR
j hj + b
R
l gl) + exp(W
sgI
il sigl +W
hgI
jl hjgl + a
sI
i si + a
hI
j hj + b
I
l gl +
pii
2
)
=
∑
{hj},{gl}
exp(W sgRil sigl +W
hgR
jl hjgl + a
sR
i si + a
hR
j hj + b
R
l gl)
×
(
1 + exp(W sgIil sigl +W
hgI
jl hjgl + a
sI
i si + a
hI
j hj + b
I
l gl +
pii
2
−W sgRil sigl −WhgRjl hjgl − asRi si − ahRj hj − bRl gl)
)
=
∑
{hj},{gl}
1∑
g0=0
exp(W sgRil sigl +W
hgR
jl hjgl + a
sR
i si + a
hR
j hj + b
R
l gl)
× exp
(
g0(W
sgI
il sigl +W
hgI
jl hjgl + a
sI
i si + a
hI
j hj + b
I
l gl +
pii
2
−W sgRil sigl −WhgRjl hjgl − asRi si − ahRj hj − bRl gl)
)
=
∑
{hj},{gl},g0
∏
il
RBM2,1 (si, gl)
∏
jl
RBM2,1 (hj , gl)
∏
il
RBM3,5 (g0, si, gl)
∏
jl
RBM3,5 (g0, hj , gl)
×
∏
i
RBM2,1 (g0, si)
∏
j
RBM2,1 (g0, hj)
∏
l
RBM2,1 (g0, gl)
=
∑
{hj},{gl},g0
RBM6nk+2n+2k+2,36kn2+6n2+36k2n+54kn+8n+6k2+8k+1({si}, {hj}, {gl}, g0)
(D.49)
In the above, we used {si} to label {s1, ..., sn}, {hj} to label {h0, h1, ..., hk}, {gl} to label {g1, ..., g6nk+n+k}. In the
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last second equality, we have used
exp(W sgRil sigl + a
sR
i si) = RBM2,1 (si, gl) =
exp(WhgRjl hjgl + a
hR
j hj + b
R
l gl) = RBM2,1 (hj , gl)
exp((W sgIil −W sgRil )g0sigl) = RBM3,5 (g0, si, gl)
exp((WhgIjl −WhgRjl )g0, hjgl) = RBM3,5 (g0, hj , gl)
exp((asIi − asRi )g0si) = RBM2,1 (g0, si)
exp((ahIj − ahRj )g0hj) = RBM2,1 (g0, hj)
exp((bIl − bRl )g0gl +
pii
2
g0) = RBM2,1 (g0, gl)
(D.50)
From the last second line of Eq. (D.49) and using the property D.2, we can simplify the product of 1-layer RBM’s to a
single RBM, which is a last line. Explicitly, the visible spins in the 1-layer RBM is the union {si}∪{hj}∪{gl}∪{g0}
whose number is 6nk + 2n+ 2k + 2. The number of hidden spins in the last line comes from the following sum:
[n(6nk+n+k)]+[(k+1)(6nk+n+k)]+[5n(6nk+n+k)]+[5(k+1)(6nk+n+k)]+[n]+[k+1]+[6nk+n+k] (D.51)
The term in each of the 7 square brackets Eq. (D.51) counts the number of hidden spins contributed from each of the
7 products in the last second equality of Eq. (D.49).
Finally, we reorganize the sum of 1-layer RBM’s into a 2-layer RBM, where there are n visible spins {si}, 36kn2 +
6n2 + 36k2n+ 54kn+ 8n+ 6k2 + 8k + 1 hidden spins in the first hidden layer, and 6nk + n+ 2k + 2 hidden spins in
the second layer. We denote this 2-layer RBM as
RBMn,36kn2+6n2+36k2n+54kn+8n+6k2+8k+1,6nk+n+2k+2({si})
≡
∑
{hj},{gl},g0
RBM6nk+2n+2k+2,36kn2+6n2+36k2n+54kn+8n+6k2+8k+1({si}, {hj}, {gl}, g0) (D.52)
In summary, for any given  > 0 and any complex valued tensor As1s2...sn , we find a 2-layer RBM to approximate
it within the precision ,
max
{si}
|As1s2...sn − RBMn,36kn2+6n2+36k2n+54kn+8n+6k2+8k+1,6nk+n+2k+2({si})| ≤ . (D.53)
The 2-layer RBM is graphically represented as follows.
…
…
…
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s2
<latexit sha1_base64="Gc3QakCjTW+GjTaNq5NAFvL5Dt0=">AAAB6nicbZBNS8NAEIYn9 avWr6pHL4tF8FSSItRj0YvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pG3iVDPeYrGMdTeghkuheAsFSt5NNKdRIHknmNz O650nro2I1SNOE+5HdKREKBhFaz2YQW1QrrhVdyGyDl4OFcjVHJS/+sOYpRFXyCQ1pue5CfoZ1SiY5LNSPzU8oWxCR7xnUdGIGz9brDojF9YZkjDW9ikkC/f3REYjY6ZRYDsjimOzWpub/9V6K YbXfiZUkiJXbPlRmEqCMZnfTYZCc4ZyaoEyLeyuhI2ppgxtOiUbgrd68jq0a1XP8v1VpXGTx1GEMziHS/CgDg24gya0gMEInuEV3hzpvDjvzseyteDkM6fwR87nDwWYjZw=</latexit><latexit sha1_base64="Gc3QakCjTW+GjTaNq5NAFvL5Dt0=">AAAB6nicbZBNS8NAEIYn9 avWr6pHL4tF8FSSItRj0YvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pG3iVDPeYrGMdTeghkuheAsFSt5NNKdRIHknmNz O650nro2I1SNOE+5HdKREKBhFaz2YQW1QrrhVdyGyDl4OFcjVHJS/+sOYpRFXyCQ1pue5CfoZ1SiY5LNSPzU8oWxCR7xnUdGIGz9brDojF9YZkjDW9ikkC/f3REYjY6ZRYDsjimOzWpub/9V6K YbXfiZUkiJXbPlRmEqCMZnfTYZCc4ZyaoEyLeyuhI2ppgxtOiUbgrd68jq0a1XP8v1VpXGTx1GEMziHS/CgDg24gya0gMEInuEV3hzpvDjvzseyteDkM6fwR87nDwWYjZw=</latexit><latexit sha1_base64="Gc3QakCjTW+GjTaNq5NAFvL5Dt0=">AAAB6nicbZBNS8NAEIYn9 avWr6pHL4tF8FSSItRj0YvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pG3iVDPeYrGMdTeghkuheAsFSt5NNKdRIHknmNz O650nro2I1SNOE+5HdKREKBhFaz2YQW1QrrhVdyGyDl4OFcjVHJS/+sOYpRFXyCQ1pue5CfoZ1SiY5LNSPzU8oWxCR7xnUdGIGz9brDojF9YZkjDW9ikkC/f3REYjY6ZRYDsjimOzWpub/9V6K YbXfiZUkiJXbPlRmEqCMZnfTYZCc4ZyaoEyLeyuhI2ppgxtOiUbgrd68jq0a1XP8v1VpXGTx1GEMziHS/CgDg24gya0gMEInuEV3hzpvDjvzseyteDkM6fwR87nDwWYjZw=</latexit><latexit sha1_base64="Gc3QakCjTW+GjTaNq5NAFvL5Dt0=">AAAB6nicbZBNS8NAEIYn9 avWr6pHL4tF8FSSItRj0YvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pG3iVDPeYrGMdTeghkuheAsFSt5NNKdRIHknmNz O650nro2I1SNOE+5HdKREKBhFaz2YQW1QrrhVdyGyDl4OFcjVHJS/+sOYpRFXyCQ1pue5CfoZ1SiY5LNSPzU8oWxCR7xnUdGIGz9brDojF9YZkjDW9ikkC/f3REYjY6ZRYDsjimOzWpub/9V6K YbXfiZUkiJXbPlRmEqCMZnfTYZCc4ZyaoEyLeyuhI2ppgxtOiUbgrd68jq0a1XP8v1VpXGTx1GEMziHS/CgDg24gya0gMEInuEV3hzpvDjvzseyteDkM6fwR87nDwWYjZw=</latexit>
sn
<latexit sha1_base64="2QleRxA+a1uqgB/v/WW9hztjHJA=">AAAB7HicbZBNS8NA EIYn9avWr6pHL4tF8FQSEeqx6MVjBdMW2lA220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A 03ArupQhqHAjvh5G5e7zyh0jyRj2aaYhDTkeQRZ9RYy9eDXM4G1Zpbdxci6+AVUINCrUH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9i5LGqIN8seyMXFhnSKJE2ScN Wbi/J3Iaaz2NQ9sZUzPWq7W5+V+tl5noJsi5TDODki0/ijJBTELml5MhV8iMmFqgTHG7K2FjqigzNp+KDcFbPXkd2ld1z/LDda15W8RRhjM4h0vwoAFNuIcW+MCAwzO8wpsjnR fn3flYtpacYuYU/sj5/AElYI7k</latexit><latexit sha1_base64="2QleRxA+a1uqgB/v/WW9hztjHJA=">AAAB7HicbZBNS8NA EIYn9avWr6pHL4tF8FQSEeqx6MVjBdMW2lA220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A 03ArupQhqHAjvh5G5e7zyh0jyRj2aaYhDTkeQRZ9RYy9eDXM4G1Zpbdxci6+AVUINCrUH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9i5LGqIN8seyMXFhnSKJE2ScN Wbi/J3Iaaz2NQ9sZUzPWq7W5+V+tl5noJsi5TDODki0/ijJBTELml5MhV8iMmFqgTHG7K2FjqigzNp+KDcFbPXkd2ld1z/LDda15W8RRhjM4h0vwoAFNuIcW+MCAwzO8wpsjnR fn3flYtpacYuYU/sj5/AElYI7k</latexit><latexit sha1_base64="2QleRxA+a1uqgB/v/WW9hztjHJA=">AAAB7HicbZBNS8NA EIYn9avWr6pHL4tF8FQSEeqx6MVjBdMW2lA220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A 03ArupQhqHAjvh5G5e7zyh0jyRj2aaYhDTkeQRZ9RYy9eDXM4G1Zpbdxci6+AVUINCrUH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9i5LGqIN8seyMXFhnSKJE2ScN Wbi/J3Iaaz2NQ9sZUzPWq7W5+V+tl5noJsi5TDODki0/ijJBTELml5MhV8iMmFqgTHG7K2FjqigzNp+KDcFbPXkd2ld1z/LDda15W8RRhjM4h0vwoAFNuIcW+MCAwzO8wpsjnR fn3flYtpacYuYU/sj5/AElYI7k</latexit><latexit sha1_base64="2QleRxA+a1uqgB/v/WW9hztjHJA=">AAAB7HicbZBNS8NA EIYn9avWr6pHL4tF8FQSEeqx6MVjBdMW2lA220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A 03ArupQhqHAjvh5G5e7zyh0jyRj2aaYhDTkeQRZ9RYy9eDXM4G1Zpbdxci6+AVUINCrUH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9i5LGqIN8seyMXFhnSKJE2ScN Wbi/J3Iaaz2NQ9sZUzPWq7W5+V+tl5noJsi5TDODki0/ijJBTELml5MhV8iMmFqgTHG7K2FjqigzNp+KDcFbPXkd2ld1z/LDda15W8RRhjM4h0vwoAFNuIcW+MCAwzO8wpsjnR fn3flYtpacYuYU/sj5/AElYI7k</latexit>
As1,...,sn '
<latexit sha1_base64="ZcMG/NdYreK xGoDcYC7aOFNE4is=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBBclJCLosurGZQ V7gTaEyfS0HTqZxJmJUEI2voobF4q49THc+TZO2yy09YeBj/+cw5nzhwlnSrvut7 W0vLK6tl7aKG9ube/s2nv7TRWnkkKDxjyW7ZAo4ExAQzPNoZ1IIFHIoRWObib11iN IxWJxr8cJ+BEZCNZnlGhjBfbhVZCpwKtix3GqWAUi7yoWwUNgV1zHnQovgldABRWq B/ZXtxfTNAKhKSdKdTw30X5GpGaUQ17upgoSQkdkAB2DgkSg/Gx6QI5PjNPD/ViaJ zSeur8nMhIpNY5C0xkRPVTztYn5X62T6v6lnzGRpBoEnS3qpxzrGE/SwD0mgWo+Nk CoZOavmA6JJFSbzMomBG/+5EVonjme4bvzSu26iKOEjtAxOkUeukA1dIvqqIEoyt EzekVv1pP1Yr1bH7PWJauYOUB/ZH3+AHRvlQk=</latexit><latexit sha1_base64="ZcMG/NdYreK xGoDcYC7aOFNE4is=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBBclJCLosurGZQ V7gTaEyfS0HTqZxJmJUEI2voobF4q49THc+TZO2yy09YeBj/+cw5nzhwlnSrvut7 W0vLK6tl7aKG9ube/s2nv7TRWnkkKDxjyW7ZAo4ExAQzPNoZ1IIFHIoRWObib11iN IxWJxr8cJ+BEZCNZnlGhjBfbhVZCpwKtix3GqWAUi7yoWwUNgV1zHnQovgldABRWq B/ZXtxfTNAKhKSdKdTw30X5GpGaUQ17upgoSQkdkAB2DgkSg/Gx6QI5PjNPD/ViaJ zSeur8nMhIpNY5C0xkRPVTztYn5X62T6v6lnzGRpBoEnS3qpxzrGE/SwD0mgWo+Nk CoZOavmA6JJFSbzMomBG/+5EVonjme4bvzSu26iKOEjtAxOkUeukA1dIvqqIEoyt EzekVv1pP1Yr1bH7PWJauYOUB/ZH3+AHRvlQk=</latexit><latexit sha1_base64="ZcMG/NdYreK xGoDcYC7aOFNE4is=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBBclJCLosurGZQ V7gTaEyfS0HTqZxJmJUEI2voobF4q49THc+TZO2yy09YeBj/+cw5nzhwlnSrvut7 W0vLK6tl7aKG9ube/s2nv7TRWnkkKDxjyW7ZAo4ExAQzPNoZ1IIFHIoRWObib11iN IxWJxr8cJ+BEZCNZnlGhjBfbhVZCpwKtix3GqWAUi7yoWwUNgV1zHnQovgldABRWq B/ZXtxfTNAKhKSdKdTw30X5GpGaUQ17upgoSQkdkAB2DgkSg/Gx6QI5PjNPD/ViaJ zSeur8nMhIpNY5C0xkRPVTztYn5X62T6v6lnzGRpBoEnS3qpxzrGE/SwD0mgWo+Nk CoZOavmA6JJFSbzMomBG/+5EVonjme4bvzSu26iKOEjtAxOkUeukA1dIvqqIEoyt EzekVv1pP1Yr1bH7PWJauYOUB/ZH3+AHRvlQk=</latexit><latexit sha1_base64="ck8pdC+ekZH 4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwb ZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/ +gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQ rMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9L iwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt 1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA 7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="XNaXthyLXMy Y1fgKwhDhrPq2L+o=">AAAB9XicbZC9TsMwFIVvyl8pBQILA4tFhcRQRQkLjCAWxi LRFqmNIsd1Wqu2E2wHqYqy8CosDCDEq7DxNrg/A7QcydKnc2xd3xNnnGnj+99OZW 19Y3Orul3bqe/u7bsH9Y5Oc0Vom6Q8VQ8x1pQzSduGGU4fMkWxiDntxuObad59okq zVN6bSUZDgYeSJYxgY63IPbqOCh0FTeR5XhPpSJZ9zQR9jNyG7/kzoVUIFtCAhVqR +9UfpCQXVBrCsda9wM9MWGBlGOG0rPVzTTNMxnhIexYlFlSHxWyBEp1aZ4CSVNkjD Zq5v18UWGg9EbG9KbAZ6eVsav6X9XKTXIYFk1luqCTzQUnOkUnRtA00YIoSwycWMF HM/hWREVaYGNtZzZYQLK+8Cp1zL7B850MVjuEEziCAC7iCW2hBGwiU8AJv8O48O6 /Ox7yuirPo7RD+yPn8AQuKk54=</latexit><latexit sha1_base64="XNaXthyLXMy Y1fgKwhDhrPq2L+o=">AAAB9XicbZC9TsMwFIVvyl8pBQILA4tFhcRQRQkLjCAWxi LRFqmNIsd1Wqu2E2wHqYqy8CosDCDEq7DxNrg/A7QcydKnc2xd3xNnnGnj+99OZW 19Y3Orul3bqe/u7bsH9Y5Oc0Vom6Q8VQ8x1pQzSduGGU4fMkWxiDntxuObad59okq zVN6bSUZDgYeSJYxgY63IPbqOCh0FTeR5XhPpSJZ9zQR9jNyG7/kzoVUIFtCAhVqR +9UfpCQXVBrCsda9wM9MWGBlGOG0rPVzTTNMxnhIexYlFlSHxWyBEp1aZ4CSVNkjD Zq5v18UWGg9EbG9KbAZ6eVsav6X9XKTXIYFk1luqCTzQUnOkUnRtA00YIoSwycWMF HM/hWREVaYGNtZzZYQLK+8Cp1zL7B850MVjuEEziCAC7iCW2hBGwiU8AJv8O48O6 /Ox7yuirPo7RD+yPn8AQuKk54=</latexit><latexit sha1_base64="AhqdfXvP/Rm z1PM0FZYh1cAiZis=">AAACAHicbZC7TsMwFIZPyq2UW4CBgcWiQmKoooQFxgILY5 HoRWqjyHHd1qrjBNtBqqIsvAoLAwix8hhsvA1umwFafsnSp/+co+PzhwlnSrvut1 VaWV1b3yhvVra2d3b37P2DlopTSWiTxDyWnRArypmgTc00p51EUhyFnLbD8c203n6 kUrFY3OtJQv0IDwUbMIK1sQL76CrIVODVkOM4NaQCkfcUi+hDYFddx50JLYNXQBUK NQL7q9ePSRpRoQnHSnU9N9F+hqVmhNO80ksVTTAZ4yHtGhQ4osrPZgfk6NQ4fTSIp XlCo5n7eyLDkVKTKDSdEdYjtVibmv/VuqkeXPoZE0mqqSDzRYOUIx2jaRqozyQlmk 8MYCKZ+SsiIywx0SazignBWzx5GVrnjmf4zq3Wr4s4ynAMJ3AGHlxAHW6hAU0gkM MzvMKb9WS9WO/Wx7y1ZBUzh/BH1ucPcy+VBQ==</latexit><latexit sha1_base64="ZcMG/NdYreK xGoDcYC7aOFNE4is=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBBclJCLosurGZQ V7gTaEyfS0HTqZxJmJUEI2voobF4q49THc+TZO2yy09YeBj/+cw5nzhwlnSrvut7 W0vLK6tl7aKG9ube/s2nv7TRWnkkKDxjyW7ZAo4ExAQzPNoZ1IIFHIoRWObib11iN IxWJxr8cJ+BEZCNZnlGhjBfbhVZCpwKtix3GqWAUi7yoWwUNgV1zHnQovgldABRWq B/ZXtxfTNAKhKSdKdTw30X5GpGaUQ17upgoSQkdkAB2DgkSg/Gx6QI5PjNPD/ViaJ zSeur8nMhIpNY5C0xkRPVTztYn5X62T6v6lnzGRpBoEnS3qpxzrGE/SwD0mgWo+Nk CoZOavmA6JJFSbzMomBG/+5EVonjme4bvzSu26iKOEjtAxOkUeukA1dIvqqIEoyt EzekVv1pP1Yr1bH7PWJauYOUB/ZH3+AHRvlQk=</latexit><latexit sha1_base64="ZcMG/NdYreK xGoDcYC7aOFNE4is=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBBclJCLosurGZQ V7gTaEyfS0HTqZxJmJUEI2voobF4q49THc+TZO2yy09YeBj/+cw5nzhwlnSrvut7 W0vLK6tl7aKG9ube/s2nv7TRWnkkKDxjyW7ZAo4ExAQzPNoZ1IIFHIoRWObib11iN IxWJxr8cJ+BEZCNZnlGhjBfbhVZCpwKtix3GqWAUi7yoWwUNgV1zHnQovgldABRWq B/ZXtxfTNAKhKSdKdTw30X5GpGaUQ17upgoSQkdkAB2DgkSg/Gx6QI5PjNPD/ViaJ zSeur8nMhIpNY5C0xkRPVTztYn5X62T6v6lnzGRpBoEnS3qpxzrGE/SwD0mgWo+Nk CoZOavmA6JJFSbzMomBG/+5EVonjme4bvzSu26iKOEjtAxOkUeukA1dIvqqIEoyt EzekVv1pP1Yr1bH7PWJauYOUB/ZH3+AHRvlQk=</latexit><latexit sha1_base64="ZcMG/NdYreK xGoDcYC7aOFNE4is=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBBclJCLosurGZQ V7gTaEyfS0HTqZxJmJUEI2voobF4q49THc+TZO2yy09YeBj/+cw5nzhwlnSrvut7 W0vLK6tl7aKG9ube/s2nv7TRWnkkKDxjyW7ZAo4ExAQzPNoZ1IIFHIoRWObib11iN IxWJxr8cJ+BEZCNZnlGhjBfbhVZCpwKtix3GqWAUi7yoWwUNgV1zHnQovgldABRWq B/ZXtxfTNAKhKSdKdTw30X5GpGaUQ17upgoSQkdkAB2DgkSg/Gx6QI5PjNPD/ViaJ zSeur8nMhIpNY5C0xkRPVTztYn5X62T6v6lnzGRpBoEnS3qpxzrGE/SwD0mgWo+Nk CoZOavmA6JJFSbzMomBG/+5EVonjme4bvzSu26iKOEjtAxOkUeukA1dIvqqIEoyt EzekVv1pP1Yr1bH7PWJauYOUB/ZH3+AHRvlQk=</latexit><latexit sha1_base64="ZcMG/NdYreK xGoDcYC7aOFNE4is=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBBclJCLosurGZQ V7gTaEyfS0HTqZxJmJUEI2voobF4q49THc+TZO2yy09YeBj/+cw5nzhwlnSrvut7 W0vLK6tl7aKG9ube/s2nv7TRWnkkKDxjyW7ZAo4ExAQzPNoZ1IIFHIoRWObib11iN IxWJxr8cJ+BEZCNZnlGhjBfbhVZCpwKtix3GqWAUi7yoWwUNgV1zHnQovgldABRWq B/ZXtxfTNAKhKSdKdTw30X5GpGaUQ17upgoSQkdkAB2DgkSg/Gx6QI5PjNPD/ViaJ zSeur8nMhIpNY5C0xkRPVTztYn5X62T6v6lnzGRpBoEnS3qpxzrGE/SwD0mgWo+Nk CoZOavmA6JJFSbzMomBG/+5EVonjme4bvzSu26iKOEjtAxOkUeukA1dIvqqIEoyt EzekVv1pP1Yr1bH7PWJauYOUB/ZH3+AHRvlQk=</latexit><latexit sha1_base64="ZcMG/NdYreK xGoDcYC7aOFNE4is=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBBclJCLosurGZQ V7gTaEyfS0HTqZxJmJUEI2voobF4q49THc+TZO2yy09YeBj/+cw5nzhwlnSrvut7 W0vLK6tl7aKG9ube/s2nv7TRWnkkKDxjyW7ZAo4ExAQzPNoZ1IIFHIoRWObib11iN IxWJxr8cJ+BEZCNZnlGhjBfbhVZCpwKtix3GqWAUi7yoWwUNgV1zHnQovgldABRWq B/ZXtxfTNAKhKSdKdTw30X5GpGaUQ17upgoSQkdkAB2DgkSg/Gx6QI5PjNPD/ViaJ zSeur8nMhIpNY5C0xkRPVTztYn5X62T6v6lnzGRpBoEnS3qpxzrGE/SwD0mgWo+Nk CoZOavmA6JJFSbzMomBG/+5EVonjme4bvzSu26iKOEjtAxOkUeukA1dIvqqIEoyt EzekVv1pP1Yr1bH7PWJauYOUB/ZH3+AHRvlQk=</latexit><latexit sha1_base64="ZcMG/NdYreK xGoDcYC7aOFNE4is=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBBclJCLosurGZQ V7gTaEyfS0HTqZxJmJUEI2voobF4q49THc+TZO2yy09YeBj/+cw5nzhwlnSrvut7 W0vLK6tl7aKG9ube/s2nv7TRWnkkKDxjyW7ZAo4ExAQzPNoZ1IIFHIoRWObib11iN IxWJxr8cJ+BEZCNZnlGhjBfbhVZCpwKtix3GqWAUi7yoWwUNgV1zHnQovgldABRWq B/ZXtxfTNAKhKSdKdTw30X5GpGaUQ17upgoSQkdkAB2DgkSg/Gx6QI5PjNPD/ViaJ zSeur8nMhIpNY5C0xkRPVTztYn5X62T6v6lnzGRpBoEnS3qpxzrGE/SwD0mgWo+Nk CoZOavmA6JJFSbzMomBG/+5EVonjme4bvzSu26iKOEjtAxOkUeukA1dIvqqIEoyt EzekVv1pP1Yr1bH7PWJauYOUB/ZH3+AHRvlQk=</latexit>
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where ' represents the approximation up to precision , as in Eq. (D.53). The black dots represent the visible spins
{s1, ..., sn}. There are 6nk+n+2k+2 red circles in the second hidden layer which represent the set of 6nk+n+2k+2
spins {hj} ∪ {gl} ∪ {g0} in Eq. (D.52). There are 36kn2 + 6n2 + 36k2n + 54kn + 8n + 6k2 + 8k + 1 green circles in
the first hidden layer which represent the 36kn2 + 6n2 + 36k2n+ 54kn+ 8n+ 6k2 + 8k + 1 hidden spins in the first
hidden layer. This completes the proof.
Theorem D.10 gives an approximation of a complex tensor with n indices, As1,...,sn , by a 2-layer RBM. We further
demand the complex tensor to be a single MPS tensor ASLR and apply theorem D.10 to A
S
LR. An MPS tensor A
S
LR
has three sets of indices: the set of physical indices S = {s1, ..., sn}, the set of left virtual indices L = {l1, ..., lm}
and the set of right virtual indices R = {r1, ..., rm}, where we assume the number of left and right virtual indices are
equal. To represent ASLR as an RBM, we regard both S,L and R as the visible spins, and introduce additional hidden
spins. Applying Theorem D.10, we find the following corollary:
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Corollary D.10.1. Let ASLR = A
s1s2...sn
l1l2...lm,r1r2...rm
be a MPS tensor with n physical spins {si}, i = 1, ..., n and m
virtual spins {lp}, {rp}, p = 1, ...,m. kR± is the number of elements of the real part of ASLR which are strictly positive
and negative respectively, and kI± is the number of elements of the imaginary part of ASLR which are strictly positive
and negative respectively. Denote k = max(kR+, kR−, kI+, kI−). Then given any positive number , ASLR can be
approximated by a 2-layer RBM within the uncertainty 
max
{si},{lp},{rp}
|As1s2...snl1l2...lm,r1r2...rm − RBMn+2m,H1,H2({si}, {lp}, {rp})| <  (D.55)
where H1 = 36k(n+ 2m)
2 + 6(n+ 2m)2 + 36k2(n+ 2m) + 54k(n+ 2m) + 8(n+ 2m) + 6k2 + 8k + 1 is the number of
hidden spins in the first hidden layer, and H2 = 6(n+ 2m)k+ (n+ 2m) + 2k+ 2 is the number of hidden spins in the
second hidden layer.
Proof. To prove the corollary D.10.1, we directly apply Theorem D.10. We replace the indices {si} in Eq. (D.53) with
the indices {si} ∪ {lp} ∪ {rp}. Then As1...sn is replaced by As1s2...snl1l2...lm,r1r2...rm , and correspondingly, n is replaced by
n+ 2m because the number of indices of A tensor is now n+ 2m.
It is helpful to represent the 2-layer RBM graphically. We first simplify the graphical representation in Eq. (D.54)
as
S
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As1s2...sn ⌘ AS '
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where we schematically use a black dot to represent the collective visible spins S, and use a single green dot and red
dot to represent the collective hidden spins in the first and second hidden layers respectively. Using this simplified
notation, we can represent the tensor with physical spins S and virtual spins L,R as
As1s2...snl1...lm,r1...rm ⌘ ASL,R '
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(D.57)
where the blue dots represent the virtual spins L and R. In the last equality of Eq. (D.57), we fold the spins L and
R from the visible layer to the second hidden layer because L and R are to be summed over when the ASL,R tensors
are contracted.
A MPS wave function can be obtained by contracting the virtual indices of the MPS tensors ASL,R. Contracting the
virtual indices of the MPS tensor amounts to contracting the hidden spins in the second hidden layer of the RBM.
Applying Corollary D.10.1, we find that any MPS wave function can be represented by a 2-layer RBM neural network.
To streamline the analysis, we first present a lemma
Lemma D.11. Suppose TSxLxLx+1 and R
Sx
LxLx+1
are two tensors, which satisfy
max
Lx,Lx+1,Sx
|TSxLxLx+1 −RSxLxLx+1 | <  (D.58)
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for  > 0. Denote the normalized wave functions
ΨT ({Sx}) = Tr(
∏N
x=1 T
Sx)∑
{Sx} |Tr(
∏N
x=1 T
Sx)|2
, ΨR({Sx}) = Tr(
∏N
x=1R
Sx)∑
{Sx} |Tr(
∏N
x=1R
Sx)|2
(D.59)
Then the norm between the two wave functions, to the linear order of , is given by
|ΨT ({Sx})−ΨR({Sx})| ' O(N) (D.60)
where O(N) is a number of order N .
Proof. Using Eq. (D.58), one can write R as
RSxLxLx+1 = T
Sx
LxLx+1
+ USxLxLx+1 + O(
2) (D.61)
where USxLxLx+1 is an arbitrary function whose maximal norm element is of order 1. Substituting Eq. (D.61) into
|ΨT ({Sx})−ΨR({Sx})|, one gets
|ΨT ({Sx})−ΨR({Sx})| =
∣∣∣∣∣ Tr(
∏N
x=1 T
Sx)∑
{Sx} |Tr(
∏N
x=1 T
Sx)|2
− Tr(
∏N
x=1R
Sx)∑
{Sx} |Tr(
∏N
x=1R
Sx)|2
∣∣∣∣∣
=
∣∣∣∣∣ Tr(
∏N
x=1 T
Sx)∑
{Sx} |Tr(
∏N
x=1 T
Sx)|2
− Tr(
∏N
x=1(T
Sx + USx + O(2)))∑
{Sx} |Tr(
∏N
x=1(T
Sx + USx + O(2)))|2
∣∣∣∣∣
'
∣∣∣∣∣∣∣∣
Tr(
∏N
x=1 T
Sx)∑
{Sx} |Tr(
∏N
x=1 T
Sx)|2
− Tr(
∏N
x=1 T
Sx) + 
∑N
x=1 Tr(T
S1TS2 ...USx ...TSN )∑
{Sx} |Tr(
∏N
x=1 T
Sx)|2
(
1 +

∑N
x=1 Tr(T
S1TS2 ...USx ...TSN )|Tr(∏Nx=1 TSx )|2+c.c∑
{Sx} |Tr(
∏N
x=1 T
Sx )|2
)
∣∣∣∣∣∣∣∣
=
∣∣∣∣∣−
∑N
x=1 Tr(T
S1TS2 ...USx ...TSN )∑
{Sx} |Tr(
∏N
x=1 T
Sx)|2
+ 
Tr(
∏N
x=1 T
Sx)(
∑N
x=1 Tr(T
S1TS2 ...USx ...TSN )|Tr(∏Nx=1 TSx)|2 + c.c)
(
∑
{Sx} |Tr(
∏N
x=1 T
Sx)|2)2
∣∣∣∣∣
= O(N)
(D.62)
In the third line, we only keep the terms linear in . In the last equation, we used the fact that
Tr(TS1TS2 ...USx ...TSN )∑
{Sx} |Tr(
∏N
x=1 T
Sx)|2
∼ O(1), Tr(
∏N
x=1 T
Sx)(Tr(TS1TS2 ...USx ...TSN )|Tr(∏Nx=1 TSx)|2 + c.c)
(
∑
{Sx} |Tr(
∏N
x=1 T
Sx)|2)2
∼ O(1) (D.63)
due to normalization. In the last equality of Eq. (D.62), there are N such order 1 coefficients of , hence the total
coefficient of  is O(N). This completes the proof.
Theorem D.12. Suppose Ψ({Sx}) is an arbitrary normalized MPS wave function
Ψ({Sx}) = Tr(
∏N
x=1A
Sx)∑
{Sx} |Tr(
∏N
x=1A
Sx)|2
(D.64)
where ASxLx,Lx+1 is the MPS tensor and N is the number of unit cells. In each unit cell, there are n physical
spins Sx ∈ {0, 1}n and m virtual spins Lx ∈ {0, 1}m. For any positive number , there exists a 2-layer RBM,
RBMnN,H1N,H2N+mN ({Sx}) such that their error is linear in N ,
max
{Sx}
|Ψ({Sx})−ΨRBM({Sx})| ' O(N) (D.65)
where
ΨRBM({Sx}) = RBMnN,H1N,H2N+mN ({Sx})∑
{Sx} |RBMnN,H1N,H2N+mN ({Sx})|2
(D.66)
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is the normalized RBM. Here H1 is the number of hidden spins in the first hidden layer per unit cell, and H2 is the
number of hidden spins (not including {Lx}) in the second hidden layer per unit cell. The precise values of H1, H2
are given in Corollary D.10.1. A = maxSx,Lx,Lx+1 |ASxLx,Lx+1 |. A graphical representation of the RBM representation
is given as follows
…
…
…
Sx
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(D.67)
where ' is short for the approximation in Eq. (D.65).
Proof. This theorem follows from the Corollary D.10.1 by contracting the virtual spins {Lx}. From Corollary D.10.1,
we have
max
Sx,Lx,Lx+1
|ASxLx,Lx+1 − RBMn+2m,H1,H2(Sx, Lx, Lx+1)| < , ∀x = 1, ..., N (D.68)
Then we apply lemma D.11, where we demand the pair of tensors (TSxLx,Lx+1 , R
Sx
Lx,Lx+1
) in lemma D.11 to be the
pair of tensors (ASxLx,Lx+1 , A
Sx
Lx,Lx+1
,RBMn+2m,H1,H2(Sx, Lx, Lx+1)). Substituting into the Eq. (D.60) in lemma D.11,
Eq. (D.66) immediately follows. This completes the proof.
